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PREFACE. 



The following treatise, portions of wHcIl have 
been delivered in lectures at the South Kensington 
Museum, the Royal Academy of Music, and else- 
where, aims at placing before persons unacquainted 
with Mathematics an intelligible and succinct ac- 
coimt of that part of the Theory of Sound which 
constitutes the physical basis of the Art of Music. 
No preliminary knowledge, save of Arithmetic and 
of the musical notation in common use, is assumed 
to be possessed by the reader. The importance of 
combining theoretical and experimental modes of 
treatment has been kept steadily in view through- 
out. 

The author has incorporated the chief Acoustical 
discoveries of Professor Helmholtz, but adopted 
his own course in explaining them and developing 
their connection with the previously established 
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portions of the subject. The present volume, there- 
fore, even where its obligations to the great German 
philosopher are the deepest, is not a mere epitome 
of his work ^, but the result of independent study. 



Tbinitt Golleqe, Cambbidge, 
Jime, 1878. 



* Die Leh/re von den Tonempjmdungen, DrUte Ausgabe* 
Bra/u/nschweig. 1870. Of this profound and exhaustive treatise 
it is not too much to say that it does for Acoustics what the 
Prindpia of Newton did for Astronomy. 
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CHAPTER I. 

ON SOUND IN GENERAL, AND THE MODE OF ITS TRANS- 
MISSION. 

1. In listening to a Sound, all that we are im- 
mediately conscious of is a peculiar sensation. This 
sensation obviously depends on the action of our 
organs of hearing ; for, if we close our ears the sen- 
sation is greatly weakened, or, if originally but feeble, 
altogether extinguished. Persons whose auditory 
apparatus is malformed, or has been destroyed by 
disease, may be totally unconscious of any sound, 
even during a thunder-storm, or the discharge of 
artillery. These simple considerations should pre- 
pare us to expect that what we feel as Sound may 
be represented, externally to ourselves, by a state of 
things very diflPerent to the sensation we experience. 
Indeed this would only be in accordance with the 

T. 1 



3 SENSATIONS AND THEIR CAUSES. [I. § U 

modes of action of our other senses ; for instance, tlie 
eensation of warmth, and its cause, a coal fire, — of 
fragrance, and its cause, a rose, — of pain, and its 
cause, a blow, are quite tmlike each other. Analogy, 
then, indicates that some purely mechanical pheno- 
mena external to the ear will prove to be turned into 
the sensation we call Sound by a process carried on 
within that organ, and the brain with which it is 
in direct commimication. This mechanical agency, 
whatever may be its nature, is usually set going at a 
distance from the ear, and, to reach it, must traverse 
the intervening space. In doing so, it can pass 
through solid and liquid as well as gaseous bodies. 
If one end of a felled tree is gently scratched 
with the point of a penknife, the sound is distinctly 
audible to a listener whose ear is pressed against 
the other end of the tree. When a couple of peb- 
bles are knocked together under water, the sound of 
the blow reaches the ear after first passing through 
the intervening liquid. That Sound travels through 
the air is a matter of imiversal experience, and needs 
no illustration. In every case, accessible to common 
observation, where Sound passes from one point of 
space to another, it necessarily traverses matter, 
either in a solid, liquid, or gaseous form. We may 
hence conjecture that the presence of a material me- 
dium of some kind is indispensable to the transmis- 
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sion of Sound. This important point can be readily 
brought to the test of experiment, as follows* Let 
a bell, kept ringing by clockwork, be placed under 
the receiver of an air-pump, and the air gradually 
exhausted. Provided that suitable precautions arQ 
taken to prevent the communication of Sound through 
the base of the receiver itself, the bell will appear to 
ring more and more feebly as the exhaustion pro- 
ceeds, until, at last, it altogether ceases to be heard. 
On re-admitting the air, the sound of the bell will 
gradually recover its original loudness. It results 
from this experiment that Sound cannot travel in 
vacuo, but requires for its transmission a material 
medium of some kind. The air of the atmosphere is, 
in the vast majority of cases, the medium which con- 
veys to the ear the mechanical impulse which that 
wonderful organ translates, as it were, into the lan- 
guage of Sound. 

2. Having ascertained that a material medium, 
in every case, acts as the carrier of Sound, we have 
next to examine in what manner it performs this 
function. The roughest observations suffice to put 
us on the right track, in this enquiry, by pointing to 
a connection between Sound and Motion. The pas- 
sage, through the air, of soimds of very great inten- 
sity is accompanied by effects which prove the at- 
mosphere to be in a state of violent commotion. The 

1—2 



4 CONNECTION OF SOUND WITH MOTION, [L § 2\ 

explosion of a powder-magazine is capable of shatter- 
ing the windows of houses at several miles' distance. 
Sounds of moderate loudness, such as the rattle of 
carriage-wheels, the stamping of feet, the clapping of 
hands, are produced by movements of solid bodies 
which cannot take place without setting up a very- 
perceptible agitation of the air. In the case of 
weaker sounds, the accompanying air-motion cannot, 
it is true, be ordinarily thus recognized ; but, even 
here, a little attention will usually detect a certain 
amount of movement on the part of the sound- 
producing apparatus, which is probably capable of 
being communicated to the surrounding air. Thus, a 
sounding pianoforte-string can be both seen and felt 
to be in motion: the movements of a finger-glass, 
stroked on the rim by a wet finger, can be recognized 
by observing the thrills which play on the surface of 
the water it contains : sand strewed oil a horizontal 
drum head is thrown off when the drum is beaten. 
These considerations raise a presumption that Sound 
is invariably associated with agitation of the convey- 
ing medium — that it is impossible to produce a 
sound without at the same time setting the medium 
in motion. If this should prove to be the case, there 
would be ground for the further conjecture that mo- 
tion of a material medium constitutes the mechanical 
impulse which, falliag on the ear, excites within it 
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I. § 3.] VELOCITY OF SOUND. 6 

the sensation we call Sound, Let us try to form an 
idea of the kind of motion which the conditions of 
the case require. 

3. It will be convenient to begin by determining 
the rate at which Sound travels. This varies, indeed, 
with the nature of the conveying medium. It will 
suffice, however, for our present purpose to ascertain 
its velocity in air^ the medium through which the 
vast majority of sounds reach our ears. As long as 
we confine our attention to sounds originating at 
but small distances from us, their passage through 
the intervening space appears instantaneous. If, 
however, a gun is fired at a considerable distance, 
the flash is seen before the report is heard — a proof 
that an appreciable interval of time is occupied by 
the transmission of the sound. The occurrence of an 
echo, in a position where we can measure the dis- 
tance passed over by the sound in travelling from 
the position where it is produced to that where it 
rebounds, gives us the means of measuring the velo- 
city of Sound ; since we can, by direct observation, 
ascertain how long a time is spent on the out-and- 
home journey. The following easy experiment gives 
a near approximation to the actual velocity of Sound 
— ^in fact a much closer one than the rough nature of 
the observation would have led one to expect. In 
the North cloister of Trinity College, Cambridge, 
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there is an unusually distinct echo from the wall at 
its eastern extremity. Standing near the opposite 
end of the cloister, I clapped my hands rhythmically, 
in such a manner that the strokes and echoes suc- 
ceeded each other alternately dt equal intervals of 
time. A friend at my side, watch in hand, counted 
the number of strokes and echoes. The result was 
that there were 76 in half a minute, i.e. 38 strokes 
^nd 38 echoes. A little consideration wiljl show that 
the sound traversed the cloister and returned to the 
point of its origination regularly once in each interval 
between a stroke and its echo. Since each such 
interval was exactly equal to that between an echo 
and the following stroke, the whole movement of 
Sound took place in alternate equal intervals, i. e. in 
half the observed time, or fifteen seconds. Accord- 
ingly the soimd travelled to and fro in the cloistei* 
38 times in 15 seconds. The length thus traversed, 
I found to be 419 feet. The velocity of Sound per 

second thus comes out equal to — -— , or 1061^ 

15 

feet and a fraction. Sound, then, travels through the 
air at the rate of upwards of 1000 feet in a second, 
which is more than 600 miles an hour, or about 15 
times the speed of an express-train. In solid and 

* This is about 50 feet below its real valae under the circum- 
Biances of my observation. See TjndalFs Sound, p. 24. 
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I. §§4, 5.] MOTION OF SEA^WAVES. 1 

liquid bodies its velocity is still greater,, attaining, iii 
the case of steel-wire, a speed of from 15,000 to 
17,000 feet in a second^, oJr, roughly speaking, about 
200 times that of an express-train. 

4. Though the Sound-impulse thus advances 
with a steady and very high velocity, the medium 
by which it is transmitted clearly does not share 
such a motion. Solid conductors of Sound remain^ 
on the whole, at rest during its passage, and a slight 
yielding of their separate parts is all that their con- 
stitution generally admits of. In fluids, or in the 
air, a rapid forward motion is equally out of the 
question. The movement of the particles composing 
the Sound-conveying mediiun will be found to be of 
a kind examples of which are constantly presenting 
themselves, but without attracting an amoimt of 
attention at all commensurate with their interest and 
importance. 

5* An observer who looks down upon the sea 
from a moderate elevation, on a day when the wind, 
after blowing strongly, has suddenly dropped, sees 
long lines of waves advancing towards the shore at a 
uniform pace and at equal distances from each other. 
The efiect, to the eye, is that of a vast army marching 
up in column, or of a ploughed field moving along 

^ Tyndall*s Sound, p. 38. 



8 MOTION OF DROPS IN A SEA-WAVE. [F. § 5. 

horizontaUy in a direction perpendicular to the lines 
of its ridges and hollows. The actual motion of the 
water is, however, very different from its apparent 
motion, as may be ascertained by noticing the beha- 
viour of a cork, or other body, floating on the sur- 
face of the sea, sijid therefore sharing its movement. 
Instead of steadily advancing, like the waves, the 
cork merely performs a heaving motion as the suc- 
cessive waves reach it, alternately riding over their 
crests and sinking into their troughs, as if anchored 
in the position it happens to occupy. Hence, while 
the waves travel steadily forward horizontally, the 
drops of water composing them are in a state of 
swaying to-and-fro motion, each separate drop rising 
and falling in a vertical straight line, but having no 
horizontal motion whatever^. 

Thus, when we say that the waves advance hori- 
zontally, we mean, not that the masses of water of 
which they at any given instant consist, advance, but 
that these masses, by virtue of the separate vertical 
motions of their individual drops, successively arrange 
themselves in the same relative positions^ so that the 
curved shapes of the surface, which we call waves, are 
transmitted without their materials sharing in theprO'- 

* This statement, though not strictly accurate, is sufficiently 
near the truth for our present purpose. See Welder's Wellen- 
lehre. 
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gress. The accompanying figure will show how this 
happens. 




Let ABCDEF represent a section of a part of 
the sea-surface at any given instant, and suppose 
that during, say, the next ensuing second of time, 
the separate drops in ABCDEF move vertically, 
either upwards or downwards as shown by the 
arrows, so that, at the end of that second, they all 
occupy positions along the dotted curved line 
ABC'UEF\ The two portions, ABODE and 
B^C'UE^F\ are exactly alike, and, therefore, the 
effect is just what it would have been had we 
pushed the curve ABODE along horizontally until 
it came to occupy the position B'O'UE'F'. 

In order further to illustrate this point, let us 
suppose that a hundred men are standing in a line 
and that the first ten are ordered to kneel down : a 
spectator who is too far off to distinguish individuals 
will merely see a broken line like . that in the 
figure below. 

CD 




10 TRANSFERENCE OF RELATIVE POSITION. [I. § 5. 

Now., suppose that, after one second, the eleventh 
man is ordered to kneel and the first to stand ; after 
two seconds the twelfth man to kneel and the 
second to stand; and so on. There will then con- 
tinue to be a row of ten kneeling men, but, during 
each second, it will be shifted one place along the line. 
The distant observer will therefore see a depression 
steadily advancing along • the line. The state of 
things presented to his eye after two, six, and nine 
seconds, respectively, is shown in Fig. 2. 
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There is here no horizontal motion on the part 
of the men composing the line, but their vertical 
motions ^ve rise, in the way explained, to the hori- 
zontal transference of the depression along the line. 
The reader should observe that for no two con- 
secutive seconds does the kneeling row consist of 
exactly the same men, while in such positions as 
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those shown in the figure, which . are separated by 
more than ten seconds of time, the meii who form it 
are totally different. 

6. Let us now return to the sea-waves, and 
examine more closely the elements of which they 
consist. • 

^ 

Fig. 3 represents a vertical section of one com- 
plete wave. 



IVsf.3 




The dotted line is that in which the horizontal 
plane, forming the surface of the sea when at rest, 
cuts the plane of the figure. The distance between 
the two extreme points of the wave, measured along 
this line, is called the length of the wave. C is the 
highest point of the crest DCB ; E the lowest point 
of the trough AED. CF and GE are vertical 
straight lines through C and E ; HCK and LEM 
are horizontal straight lines throi:igh the same two 
points. The vertical distance between the lines HK 
and LM is called the breadth or amplitude of the 
wave. Thus AB is the length of the wave, and, if 
we produce EG and CF to cut the lines HK and 
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LM m N and P respectively, we have, for its 
amplitude, either of the equal lines EN^ PC. 
Each of these is clearly equal to FC and GE to- 
gether, that is to say, the amplitude of the wave 
is equal to the height of the crest above the level- 
line together with the depth of the trough below 
it. In addition to the length and amplitude of the 
wave, we have one more element, its form. The 
wave in the figure has its crest shorter than its trough 
and higher than its trough is deep. Moreover the part 
Z)(7of the crest is steeper than the part (ZB, while, in 
the trough, the parts AE and EB are equally steep. 
Sea-waves have the most varied shapes according 
to the direction and force of the wind producing 
them. Hence, before we can lay down a wave 
in a figure, we must know the nature of the wave's 
curve, or, in other words, its form. 

Since the crests of the waves are raised above 
the ordinary level of the sea, the troughs must 
necessarily be depressed below it, just as, in a 
ploughed field, the earth heaped up to form the 
ridges must be taken out of the furrows. Each 
crest being thus associated with a trough, it is con- 
venient to regard one crest and one trough as form- 
ing together one complete wave. Thus each wave 
consists of a part raised above, and a part depressed 
below, the horizontal plane which would be the 
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surface of the sea were it not being traversed by 
waves. 

7. The lengthy amplitude^ and foi*m of a wave 
completely determine the wave, just as the length, 
breadth, and height of an oblong block of wood, i. e. 
its three dimensions, fix the size of the block. These 
three elements of a wave are mutually independent, 
that is to say, we may alter any one of them with- 
out altering the other two. This will be seen by 
a glance at the accompanying figures. 

Tig. 4 (i) 






C2) 



(3) 





(1) shows variation in length alone; (2) in am- 
plitude alone ; (3) mform alone. 
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8, We will next study more closely the motion 
of an individual drop of water, in the surface of 
the sea, while a wave passes across it. Fig. 5 shows 
nine positions of the wave and moving drop at equal 
intervals of time, each one-eighth of the period 
during >vhich the wave traverses a horizontal dis- 
tance equal to its own wave-length. In (1), the 
front of the wave has just reached the drop pre- 
viously at rest in the level-line represented by dots 
in the figure. In (2), the drop is a part of the way 
up the front of the crest ; in (3), at the summit of 
the crest, and, therefore, at its greatest distance 
above the level-line. In (4), it is on the back of 
the crest, and, in (5), occupies its original position. 
It then crosses the level-line ; is on the front of the 
trough in (6), and at its lowest point in (7), where 
it attains its greatest distance below the level-line. 
In (8), it is on the back of the trough, and, in 
(9), has once more returned to its starting-point in 
the level-line. 

We have here a vibratory or oscillatory move- 
ment, like that of the end, or *bob,' of a clock- 
pendulmn, but executed in a vertical straight line. 
We uall the distance between the two extreme posi- 
tions of the bob, the extent of swing of the pen- 
dulum. The extent of the drop's oscillation will 
be seen, from* (3) and (7), to be equal to the sum 
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of the height of the wave's crest above the level- 
line, and of the depth of the trough below it. 

But this, as was shown in § 6, is equal to the 
amplitude of the wave. Hence * extent of drop's 
vibration' and * amplitude of corresponding wave' 
are only different ways of expressing the same 
thing. 

Let the line A'OA be that in which the drop 



A. 
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under consideration vibrates, being in the level- 
line, A and A the limits of oscillation. The whole 
movement given in Fig. 5 will then be from to ^, 
from A through to A\ and from A' back again to 
0. This is termed one complete vibration, and 
since, in the course of it, each portion of the drop's 
path is passed over twice, one complete ^vibration 
is equal to an upward swing from A^ to A together 
with a downward swing from A to A\ In the 
clock-pendulum we have, dviring each second, one 
complete oscillation, consisting of one swing from 
left to right and one from right to left. 
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Reference to Fig. 5 at once shows that, during 
the time occupied by the wave in traversing its 
Own wave-length, the moving drop performs one 
complete vibration, or, to express the same fact in. 
tlie reverse order, that while the drop maJces one 
complete vibration, the wave advances through one 
wave-length. This is a most important principle, 
and should be thoroughly mastered and borne in 
mind by the student. 

9. What has just been proved for a particular 
drop is, of course, equally true for any assigned 
drop in the surface passed over by a wave. All the 
drops, ^ therefore, go through exactly the same vi- 
brations in exactly ecjual times, but, since each drop 
can only start at the moment when the front of the 
wave reaches it [Fig. 5, (1)], they will in general 
occupy different positions in their paths at the same 
time. We may illustrate this by supposing a 
number of watches, which keep good time, to be 
set going successively in such a way that the first 
shall mark xii at twelve o'clock, the second at 
five minutes past twelve, the third at ten mi? 
nutes past twelve, and so on. The hands of each 
watch wiU describe the same paths in equal times, 
but, at any assigned moment, will occupy different 
positions in those paths corresponding to the late- 
ness of their several starts. The drops in the sea- 

T, a 
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surface, being, in tlds manner, thrown successiveli/ 
into the same vibratory motion, give rise, by their 
consequent varieties of position at any assigned 
moment, to the transmission of the form which we 
call a wave. 



When a series of continuous equal waves, such 
as those in Figure 7, are being transmitted, each 
oscillating drop, after completing one vibration, 
will instantly commence another precisely equal 
vibration, and go on doing so as long as the series 
of waves lasts. The kind of motion in which the 
same movement is continuously repeated in suc- 
cessive equal intervals of time, is called Aperiodic,' 
and the time which any one of the movements 
occupies is called its 'period.' Thus, to continuous 
equal waves correspond continuous periodic drop- 
vibrations. 

10. We wiU next compare the periods of the 
drop- vibrations corresponding to waves of different 
lengths advancing with equal velocities. 

In Fig. 8 waves of three dififerent lengths are 
represented. One wave of (l) is as long as two of 
(2), and as three of (3). Therefore a drop makes 
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one complete vibration in (1) while the long wave 
passes from A to B, two in (2) while the shorter 
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waves there presented pass over the same distance, 
and three in the case of the shortest waves of (3). 
But the velocities of these waves being, by our sup- 
position, equal, the times of describing the distance 
AB will be the same in (1), (2), and (3). Hence a 
drop in (2) vibrates twice as rapidly, and a drop in 
(3) three times as rapidly, as a drop in (1); or con- 
versely, a drop in (1) vibrates half as rapidly as a 
drop in (2), and one third as rapidly as a drop in (3). 
The rates of vibration in (1), (2) and (3), (by 
which we mean the numbers of vibrations performed 
in any given interval of time) are, therefore, propor- 
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tional to the numbers 1, 2 and 3, which are them- 
selves inversely proportional to the wave -lengths in 
the three cases, respectively. We may express onr 
result thus ; the rate of drop-mhration is inversely 
proportional to the corresponding wave-length. The 
same reasoning will apply equally well to any other 
case ; the proposition, therefore, though derived from 
particTilar relations of wave-lengths, is true univer- 
sally. 

11. We have now connected the extent of the 
drop-vibration with the amplitude, and its rate 
with the length, of the corresponding wave. It re- 
mains to examine what feature of the oscillatory 
movement corresponds to the third element, the 
form, of the wave. 

Fig. 9. 
B O ^ 

Suppose that two boys start together to run a 
race from to ^, from A to B^ and from B back to 
0, and that they reach the goal at the same moment. 
They may obviously do this in many different ways. 
For instance, they may keep abreast all through, 
or one may fall behind over the first half of the 
course and recover the lost ground in the second. 
Again, one may be in front over OAO^ and the other 
over OBOy or each boy may pass, and be passed by, 
his competitor, repeatedly during the race. We may 
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regard the movement of each boy aa constituting 
one complete vibration, and thua convince ourselves 
that an oscillatory motion of given extent and period 
may be perfonned in an indefinitely numerous 
variety of modes. Let us now compare the position^ 
of a drop at successive equal intervals of time, 
when cooperating in the transmission of waves of 
different forms. 




In each of the three cases in Fig. 10 the front 
of a wave-crest is shown in the positions it respec- 
tively occupies at the end of ten equal intervals of 
time {each one tenth of that occupied by the wave 
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in traversing a quarter-wave-lengtli), the apex of 
the wave being successively at the equidistant points 
of the level line 1, 2, 3, 4, &c. 

A drop whose place of rest is 0, will then assume 
the corresponding positions in the vertical line OA : 
thus the points where this line cuts the successive 
wave-fronts show the positions of the vibrating drop 
at equal intervals of time. 

By comparing the three cases it will be seen 
that the mode of the drop's vibration is distinct in 
each. In (1), it moves fastest at 0, and then slackens 
its pace up to A. In (2), it starts more slowly than 
in (1), attains its greatest speed near the middle of 
OA, and again slackens on approaching A. In 
(3), the pace steadily increases from to A. The 
different waves in the figure have been purposely 
drawn of the same amplitude and length, in order 
that only such variations as were due to differences 
of form might come into consideration. The reader 
should construct for himself similar figures with 
other wave-forms, and so convince himself, more 
thoroughly, that every distinct form of wave has 

its own special mode of drop-vibration, 

* 

12. The converse of this proposition is also 
true, viz. that each distinct mode of drop- vibration 
gives rise 4o a special form of wave. We will 
show this by actually constructing the form of wav^ 
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whicli answers to a given mode of drop-vibration. 
When a drop vibrates in a given mode, its position 
at any assigned moment during its vibration is of 
course known. If we also know the amomit by 
which drops further on in the level-line are later 
in their starts [§ 9] than drops less advanced 
in that line, we can assign the positions of any 
number of given drops at any given instant of 
time. 

Suppose that each drop makes one complete 
vibration per second about its position of original 
rest in the level-line. The law of its vibration is 
roughly indicated in Fig. 11. 
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AB is the path described by any drop; its 
position when in the level line; 1, 2, 3, 4. ..16 its 
positions after 16 equal intervals of time each 
one-sixteenth of a second : 16 coincictes with 0, 
i.e. the drop has returned to its starting-point. 
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Next, select a series of drops originally at rest in 
equidistant positions along the level-line, and so 
situated that each commences a vibration, identical 
with that above laid down in Fig. 11, one-sixteenth 
of a second after the drop next it has started on an 
equal oscillation. Fig. 12 shows the rest-positions 
of the series of drops 

Cto, (Xj, 0t2> ^•••^6> 

in the level-line, and their contemporaneous positions 
during a subsequent vibration. 
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The moment selected for the figure is that in 
which the first of the series, Og, is on the point of 
commencing its vibration in a vertical direction. 
Since the second drop started one-sixteenth of a 
second after the first, its position in the figure 
will be below the level-line at a/ making the line 



L § 13.] CONSTRUCTION OF WA YE-FORM. 25 

^i ^/ equal to the line 015 in Fig. 11. The next 
drop, wHch is two-sixteenths behind a, in its path, 
will be at a.^ making a^ a^ equal to Ol4 in the same 
figure* In this way the positions of all the points 
a/ a^a>^y &c., in Fig. 12 are determined from Fig. 11. 
They give us, at once, a general idea of the form of 
the resulting wave. By laying down more points 
along the line AB in Fig. 11, we can get as many 
more points on the wave as we please, and should 
thus ultimately arrive at a continuous curved line. 
This is the wave-form resulting from the given vi- 
biution-mode with wHch we started, and, since only 
one wave-form can be obtained from it, we infer 
that each distinct mode of drop- vibration gives rise 
to a special form of wave. 

It has now been sufficiently shown that corre- 
sponding to the three elements of a wave, ampli- 
tude^ length, and ybrm, there are three elements of its 
proper drop-vibration, extent, rate, and mode. 

13. We have seen that a sea-wave consists of a 
state of elevation and depression of the surface above 
and below the level-plane. The same thing holds 
of the small ripples set up by throwing a stone into 
a pond, and the non-progressive nature of the motion 
of individual drops on the surface can be as easily 
made out on a small, as on a large sheet of water. 
Moreover the chaxacteristio phenomenon on which. 
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we have been engaged, viz. a uniformly progressive 
motion arising out of a number of oscillatory move- 
ments^ is by no means cpnfined to liquid bodies. 
Thus, when a carpet is being shaken, bulging forms, 
exactly like water-waves, are seen running along it. 
A' flexible string, one end of which is tied to a 
fixed point, and the other held in the hand, ex- 
hibits the same phenomenon when the loose end is 
suddenly twitched. It has accordingly been found 
convenient to extend the term 'wave' beyond its 
original meaning, and to designate as ' wave-motion ' 
any movement which comes imder the definition just 
laid down. We proceed to an instance of such 
motion which is important from its similarity to 
that to which the transmission of Sound is due. 

14. Any one who has looked down from a slight 
elevation on a field of standing com on a gusty day, 
must have frequently observed a kind of thrill 
running along its surface. As each ear of com is 
capable of only a slight swaying movement, we have 
here necessarily an instance of wave-motion, the ear- 
vibrations correspondiQg to the drop-vibrations in 
water-waves. There is, however, this important dif- 
ference between the cases, that the ears' movements 
are mainly horizontal, i. e. in the line of the wavers 
advancey whereas the drop-vibrations are entirely 
perpendicular to that line. The advancing wave 
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is therefore no longer exclusively a state of elevation 
or depression of surface, but of more tightly, or less 
tightly, packed ears. The annexed figure gives a 
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rough idea how this takes place. The wind is sup- 
posed to be moving from left to right and to have 
just reached the ear A. Its neighbours to the right 
are stiU undisturbed. The stalk of C has just swung 
back to its erect position. The ears about B are 
closer to, and those about C further apart from, each 
other, than is the case with those on which the 
wind has not yet acted. 

After this illustration, it will be easy to con- 
ceive a kind of wave-motion in which there is no 
longer (as in the case of the ears of com) any move- 
ment transverse to the direction in which the wave 
is advancing. 

15. Let a series of points, originally at rest in 
equidistant positions along a straight line, as in (0), 
Fig. 14, be executing equal periodic vibrations in 
that line, in such a manner that each point is a 



», 



28 LONGITUDINAL VIBRATIONS. [I. §15. 

certain fixed amount further back in its path than 
is its neighbour on one side, and therefore exactly as 
much more forward than is its neighbour on the 
other side. 

(l) shows the condition of the row of points 
at the moment when the extreme point on the left 
is beginning its swing from left to right, which, in 
accordance with the direction of the arrow in the 
figure, we may call its forward swing. The equi- 
distant vertical straight lines fix the extent of 
vibration for each oscillating point. The constant 
amount of retardation between successive points is, 
in the instance here selected, one-eighth of the path 
traversed by each point during the period of a 
complete oscillation. Thus, proceeding from left to 
right along the line (1), we have the first point 
beginning a forward swiag, the second, third, fourth 
and fifth points entering respectively on the fourth, 
third, second, and first quarters of a backward swing, 
and the sixth, seventh, eighth and ninth points on 
the fourth, third, second, and first quarters of a 
forward swing. 

Since the ninth point is just beginning a forward 
swing, its situation is exactly the same as that of 
the first point. Beyond this point, * therefore, we 
have only repetitions of the state of things between 
the first and ninth points. The row (1) is therefore 
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made up of a series of groups, or cycles, of the same 
number of points arranged in . the same manner 
throughout. Two such cycles, included by the large 
brackets A and -B, are shown in (1). Each cycle is 
divided by the small brackets a, a' and 6, ¥ into 



30 LONOITUDINAL VIBRATIONS. p. § 15* 

two parta In a and 6 the distances between suc- 
cessive points are less than^ and in a^ and V greater 
than, the corresponding distances when the points 
occupied their undisturbed positions, as in (0). The 
cycles correspond to complete waves on the surface 
of water, the shortened and elongated portions of 
each cycle answering to the crest and trough of 
which each water-wave consists. 

(2) shows the state of the row of points when 
an interval of time equal to one eighth of the 
period of a complete point-vibration has elapsed 
from the moment shown in (l). The wave A has 
here moved forward into the position indicated by 
the dotted lines. 

The following rows (3,) (4), (5), &c., show the 
state of things when two-eighths, three-eighths, 
four-eighths, &c., of a vibration-period has elapsed 
since (1). In each, the wave A moves forward one 
step further. 

In (9), a whole vibration-period has elapsed since 
(1). Accordingly every oscillating point has per- 
formed one complete vibration, and returned to the 
position it held in (1). The wave A^ meanwhile, 
has travelled constantly forward so as to be, in (9), 
where B was in (1), i.e. to have advanced by one 
whole wave-length. The proposition proved for 
waves due to transverse vibrations in § 8 is thus 
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shown to hold good likewise for waves due to longitu- 
dimd vihi^ations. 

16. In the waves shown in Fig. 14, the points 
in the bracket a are mutually equidistant, as are 
also those in the bracket 6. This is due to the 
fact that, in the case there represented, the oscil- 
lating points move imiformly, i. e. with equal ve- 
locity, throughout their paths. If we take other 
modes of vibration, we shall find that this equi- 
distance no longer exists. Fig. 15 shows three 
distinct modes of vibration with the wave resulting 
from each, on the plan of (1) Fig. 14. The extent 
of vibration, and length of wave, are the same in 
the three cases. 

In (I) the points move quickest at the middle 
and slowest at the ends, of their paths; in (II) 
fastest at the- ends, and slowest in the middle; in 
(III) slowest at the left end, and fastest at the 
right. 

The shortest distaiic© separating any two points 
contained in a is, in (I), that between 7 and 8 ; in 
(II), that between 8 and 9 ; in (III), that between 
5 and 6. The corresponding greatest distances are, 
in (I), between 2 and 3 ; in (II), between 1 and 2 ; 
in (III), between 4 and 5. The remaining points 
likewise exhibit differences of relative distance in 
the three cases. Thus, the positions of greatest 
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eliortening, and greatest lengthening, occupy dif- 
ferent situations in the wave, and the interme- 
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diate variations between them proceed according 
to different laws, when the modes of point-vibra- 
tion are different. The more points we lay down 
in their proper positions in a and 6, the less 
abrupt will be the changes of distance between 
successive points. By indefinitely increasing the 
nimiber of vibrating points, we should ultimately 
arrive at a state of things in which perfectly con- 
tinuous changes of shortening and lengthening inter- 
vened between the positions of maximum shorten- 
ing and maximum lengthening in the same wave. 
17. Let us now replace our row of indefinitely 
numerous points by the slenderest filament of some 
material whose parts (like those of an elastic string) 
admit of being compressed, or dilated, at pleasure. 
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When any portion of the filament is shortened, a 
larger quantity of material is forced into the space 
which was before occupied by a smaller quantity. 
The matter within this space is, therefore, more 
tightly packed, more dense, than it was, L e. a process 
of condensation has occurred. On the other hand, 
when a portion of the filament is lengthened, a 
smaller quantity is made to occupy the space before 
occupied by a larger quantity. Here the matter is 
more loosely packed, more rarey than it was, i. e. a 
process of rarefaction has taken place. 

Let us now suppose the particles, or smallest 
conceivable atoms, of the filament, to be thrown into 
successive vibrations in the manner already so fully 
explained. Alternate states of condensation and 
rarefaction will then travel along the filament. It 
will be convenient to call these states 'pulses' — of 
condensation or rarefaction as the case may be. A 
pulse of condensation and a pulse of rarefaction to- 
gether make up a complete wave. 

18. The degree of condensation, or rarefaction, 
existing at any given point of a wave has been 
shown to depend on the mode in which the particles 
of the filament vibrate. It is therefore desirable 
to have some simple method, appealing directly to 
the eye, of exhibiting the law of any assigned mode 
of vibration which takes place in a straight line* 
T, 3 



34 ASSOCIATED WAVE. [I. § 18. 

We may arrive at such a method by the following 
considerations. 

When a line of particles vibrate longitudinally, 
they give rise to waves of condensation and rarefac- 
tion ; when transversely, to waves of displacement 
on opposite sides of the line of particles in their 
positions of rest. Nevertheless, if the vibrations in 
the two cases are identical in all other respects save 
direction alone, the distance which, at any moment, 
separates an assigned particle from its position of 
rest will be the same, whether the vibrations are 
longitudinal or transverse. It is therefore only 
necessary to construct the wave corresponding to any 
system of transverse vibrations, in the way shown 
in § 12, to obtain the means of fixing the position of 
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an assigned particle, at any given moment, for the 
same system of vibrations executed longitudinally. 

Let AB and C72>, Fig. 16, be lines of particles 
executing vibrations transverse to ABy and along CD 
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respectively. Let a and h be corresponding particles 
in their positions of rest. Draw the transverse wave 
for any given instant of time : the particle originally 
at a will now be at a\ and that originally at h, at h\ 
making hh' equal to aa\ 

By performing the same process for different 
instants, we can find as many corresponding po- 
sitions of the longitudinally vibrating particle as 
we please. It is true that we learn nothing new 
by this, since we cannot construct the wave-curve 
without knowing beforehand the mode of the par- 
ticle's vibration [§ 12]. Still when we are dealing 
with longitudinal particle-vibrations, and require 
to know the law of the variation of condensation 
and rarefaction at different points of a single 
wave, it is convenient to have a picture of the 
mode of vibration by which, as we know [§ 16], 
that law is determined. Such a picture we have in 
the form of the wave produced by the same mode 
of vibration when executed transversely. Let us 
call the wave so related to a given wave of con- 
densation and rarefaction, its associated wave. 

19. Before leaving this portion of the subject, it 
will be advisable to draw the associated wave for 
that particular mode of longitudinal vibration in 
which each particle moves as if it were the extremity 
of a pendulimi traversing a path which is very short 

3—2 
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compaxed to the pendulum's length. The meaning 
of this limitation will be easUy seen from Fig. 17. 

Let O be the fixed point of suspension ; OA the 
pendulum in its vertical position ; AB a portion of 
a circle with centre and radius OA ; a, &, c, d, 
points on this circle ; AD a horizontal straight line 




through A ; aa, hV, cc\ dd! verticals through a, 6, 
c, d, respectively. If the pendulum is placed in the 
position Oa, and left to itself, it will swing through 
twice the angle aOA before it turns back again. 
Similarly if started at 06, it will swing through 

r 

twice the angle hOA\ if at Oc, through twice the 
angle cOAy and so on. Now, the extremity of the 
pendulum, when at a, is further from the horizontal 
line, ADy than when it is at 6, since aa! is greater 
than hVy and at h further than at c. If we make 
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the pendulum vibrate through only a small angle, 
by starting it, say, in the position Od, its extremity 
will, throughout its motion, be very near to the 
horizontal straight line AD. If we make the angle 
small enough, or, which is the same thing, take 
Ad sufficiently small compared with 0-4, we may, 
without any perceptible error, suppose the end of 
the pendulum to move in a horizontal straight line, 
instead of in a circular arc, i. e. along d'A instead of 
dA. To take an actual case, let us suppose the 
pendulum to be 10 ft. long, and that its extent of 
swing is 1 inch on either side of its vertical position, 
A very easy geometrical calculation wiU show that 
the end of the pendulum will never be as much as 

^-— th of an inch out of the horizontal straight line 

drawn through it in its lowest position. This is a 
vanishing quantity ; we may, therefore, safely regard 
the vibration as performed along d'A instead of dA. 
Such a vibration, though executed in a straight 
line instead of in the arc of a circle, we may pro- 
perly call a pendulum-vibration, as expressing the law 
according to which it takes place. This law admits 
of easy geometrical illustration as follows. Let a 
ball, or other small object, be attached to some part 
of an upright wheel revolving uniformly about a fixed 
axis, so that the ball goes round and round in the 
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same vertical circle with constant velocity. If the 
sun is in the zenith, i. e. in such a position that the 
shadows of all objects are thrown vertically, the 
shadow of the hall on any horizontal plane below it 
mil move exactly as does the hob of a pendulum. 

The form of the associated wave for longitudinal 
pendulum-vibrations is shown in Fig. 17 (a). 



^^-^7^) 




Retaining the form of the curve, we may make 
its amplitude and wave-length as large or as small 
as we please, as in the case of the waves in Fig. 4, 
(1) and (2), p. 13. 

20. We have examined the transmission of 
waves due to longitudinal vibrations along a single 
very slender filament. Suppose that a great number 
of such filaments are placed side by side in contact 
with each other, so as to form a uniform material 
column. If, now, precisely equal waves are trans- 
mitted along all the constituent filaments simulta- 
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neously, successive pulses of condensation and rare- 
fetction will pass along the column. The parts in 
any assigned transverse section of the column will, 
obviously, at any given moment of time, all have 
exactly the same degree of compression or dilatation. 
When a pulse of condensation is traversing the 
section, its parts will be more dense, when a pulse 
of rarefaction is traversing it, less dense, than they 
would be, were the column transmitting no waves 
at all, and its separate particles, therefore, absolutely 
at rest Let the colunm with which we have been 
dealing be the portion of atmospheric air enclosed 
within a tube of imiform bore. The phenomena 
just described will then be exactly those which 
accompany the passage of a sound from one end of 
the tube to the other. It remains to examine the 
mechanical cause to which these phenomena are 
due. 

Atmospheric air, m its ordinaiy condition, exerts 
a certain pressure on all objects in contact with it. 
This pressure is adequate to support a vertical 
column of mercury 30 inches high, as we know by 
the common barometer. In Fig. 1 8 is shown a sec- 
tion of a tube closed at one end, with a moveable 
piston fitting into the other. In (1) the air on both 
sides of the piston is in the ordinary atmospheric 
condition, so that the pressure on the right face of 
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the piston is counteracted by an exactly equal and 
opposite pressure on its left face. 
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In (2) the piston has been moved inwards, so as 
to compress the air on the right of it. That on its 
left, being in free communication with the external 
air, is not permanently affected by the motion of the 
piston. In order to retain the piston in its forward 
position, it is necessary to exert a force upon it, in 
the direction of the arrow. If this force is relaxed, 
the piston is driven back. Since the pressure of the 
air on the left of the piston is just what it was 
before, that on its right must necessarily have in- 
creased. But this increase of pressure is accom- 
panied by an increase of density, due to the com- 
pression of the air on the right of the piston. Hence 
increase of pressure accompanies increase of density. 
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If, as in (3), we reverse the process, by moving the 
piston outwards, the extraneous force must be ex- 
erted in the opposite direction, as shown by the 
arrow. The pressure on the right of the piston is 
therefore less than the normal atmospheric pressure 
on its left, i. e. diminution of pressure ctccompanies 
diminution of density. By experiments such as the 
above, it was shown, by the French philosopher 
Mariottey that the pressure of air varies as its 
density. 

21. Next, let us take a cylindrical tube open at 
one end and having a moveable piston fitting into 
the other, as in Fig. 19. 

i In (1) the piston is at rest at A, and the air in 
its ordinary atmospheric condition of density and 
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pressure. In (2) the piston is pushed inwards as far 
as C. While it is moving up to this position, the 
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air-particles in front of it are thrown into motion. 
Suppose that, at the moment when the piston reaches 
(7, the particles at D are just beginning to be dis- 
turbed. The air which, in (1), occupied AB, is now 
crowded into CD, and is, therefore, denser than that 
further on in the tube. Now, let the piston be 
drawn back to E^ (3), as much to the left of its 
original position, A^ (1), as, in (2), it was to the 
right of it. The air in CD, (2), will, while this is 
taking place, expand into EF\ for, being denser, it 
will also be at a greater pressure, than the air to the 
right of it. It will, therefore, act on the air in 
advance of it in the same way as the piston did on 
the air in contact with it when moving from -4, (1) 
to (7, (2). Hence^the air in FG will be condensed, 
G being the point where the air particles are just 
beginning to be disturbed when the piston reaches 
the position E. Thus the air at 2> advances to F. 
Fiuther, in consequence of the backward motion of 
the piston, the. air in the neighbourhood of C7, (2), 
has to move to Ey (3). Thus the air originally in 
AB now occupies EF, which is greater than AB. 
It is therefore less dense than in (1), i.e. is in a state 
of rarefaction. Now, let the piston again advance to 
Hy (4). The air in FG being at a greater pressure 
than that in its front, and still more so than that 
in its rear, will expand in both directions, causing a 
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new condensation, LMy to be formed further on, and 
itself becoming the rarefaction KLy co-operating, at 
the same time, with the advancing piston to pro- 
duce in its own rear the condensation HK. In (5) 
the piston iiS again where it was in (3). HK has 
expanded into the rarefaction NOy KL contracted 
into the condensation OPy LM expanded into the 
rarefaction PQy and a new condensation, QR, been 
formed in front. 

The figure makes it clear that each forward 
stroke of the piston produces a pulse of condensation, 
and each backward stroke a pulse of rarefaction ; but 
that, when once formed, these pulses travel onwards 
independently of any external force. They do so, as 
we have seen, in virtue of the relation which 
connects the pressure of the air with its density, in 
other words, on the elasticity of the air. 

If we suppose our moveable piston withdrawn 
from the tube, and a vibrating tuning-fork held with 
the extremity of one prong close to the orifice of the 
tube, the conditions of the problem will not be 
essentially modified. Each outward swing of the 
prong wiU give rise to a condensed, and each inward 
swing to a rarefied pulse, and thus, during every com- 
plete vibration of the fork, one sonorous wave, con- 
sisting of a pulse of condensation and a pulse of rare- 
fex5tion, will be started on its journey along the tube. 



H FREEL T EXPANDING SO UNB- WA YE. \t § 22: 

22. We have examined tlie transmission of 
Soimd along a coliunn of air contained in a tube of 
imiform bore. A more important case is that in 
which a sound, originated at an assigned point, 
spreads out from it freely in all directions. Here we 
must conceive a series of spherical shells, alternately 
of condensed and of rarefied air, one inside the other, 
and all having the point of origination of the sound 
as their common centre. All the shells must be 
supposed to expand uniformly like an elastic globular 
balloon constantly inflated with more and more gas. 
The great difference between this case and that 
last considered lies in this, that, as the spherical 
shells of condensation and rarefaction spread, it is 
necessary, in order to keep up the wave-motion, 
to throw larger and larger surfaces of air into vibra- 
tion ; whereas within the tube the transverse section 
remained the same throughout. Hence,' as the same 
amoimt of original disturbing force has to set a 
constantly increasing nxmiber of air-particles into 
motion, it can only do so by proportionately shorten- 
ing the distances through which the individual 
particles move, i. e. by diminishing their extent of 
vibration. Accordingly when Sound-waves spread 
out freely in all directions, the further any given 
air-particle is from the point at which the sound 
originated, the smaller will be the extent of the 
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vibration into which, it will be thrown when the 
waves reach it. 

23. Sounds are either musical or non-musical. 
The vast majority of those ordinarily heard — the 
roaring of the wind, the din of traffic in a crowded 
thoroughfare — belong to the second class. Musical 
sounds are, for the most part, to be heard only from 
instruments constructed to produce them. The dif- 
ference between the sensations caused in our ears by 
these two classes of sounds is extremely well marked, 
and its nature admits of easy analysis. Let a note 
be struck and held down on the harmonium, or on 
any instrument capable of producing a sustained 
tone. However attentively we may listen, we per- 
ceive no change or variation in the sotmd we hear. 
A perfectly continuous and uniform sensation is 
experienced as long as the note is held down. If, 
instead of the harmonium, we employ the pianoforte, 
where the sound is loudest directly after the moment 
of percussion, and then gradually dies away, the 
result of the experiment is that the diminution of 
loudness is the only change which occurs : the effect 
produced is the same as if our harmonium had, while 
sotmding out its note, been carried gradually further 
and further away from us. 

In the case of non-musical sounds, variations of a 
different kind can be easily detected. In the howl- 
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ing of tlie wind the sound rises to a considerable 
degree of shrillness, then falls, then rises again, and 
so on. On parts of the coast, where a shingly beach 
of considerable extent slopes down to the sea, a sound 
is heard in stormy weather which varies from the 
deep thundering roar of the great breakers, to the 
shrill tearing scream of the shingle dragged along by 
the retreating surf. Similar variations may be no- 
ticed in sounds of small intensity, such as the rust- 
ling of leaves, the chirping of insects, and the like. 
The difference, then, between musical and non- 
musical sounds seems to lie in this, that the former 
are constant, while the latter are continually varying. 
The human voice can produce sounds of both classes. 
In singing a sustained note it remains quite steady, 
neither rising nor falling. Its conversational tone, 
on the other hand, is perpetually varying in height 
even within a single syllable ; directly it ceases so to 
vary, its non-musical character disappears, and it 
becomes what is commonly called * sing-song.' 

We may then define a musical sound as a steady 
sound, a non-musical sound as an unsteady sound. 
It is true we may often be puzzled to say whether" 
a particular sound is musical or not: this arises, 
however, from no defect in our definition, but from 
the fact that such sounds consist of two elements, a 
musical and a non-musical, of which the latter may 
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be the more powerful, and therefore absorb our at- 
tention, until it is specially directed to the former. 
For instance, a beginner on the violin often produces 
a sound in which the irregular scratching of the bow 
predominates over the regular tone of the string. 
In bad flute playing, an unsteady hissing sound 
accompanies the naturally sweet tone of the instru- 
ment, and may easily surpass it in intensity. In the 
tones of the more imperfect musical instruments, 
such as drums and cymbals, the non-musical element 
is very prominent, while in such sounds as the 
hammering of metals, or the roar of a water-fall, we 
may be able to recognize only a trace of the musical 
element, all but extinguished by its boisterous com- 
panion. 

We have seen that Sound reaches our ears by 
means of rapid vibrations of the particles of the 
atmosphere. It has also been shown that steadiness 
is the characteristic feature of musical, as distin- 
guished from non-musical, sounds. We may infer 
hence that the motion of the air corresponding to a 
single musical sound will be itself steady, i. e. that 
equal numbers of equal vibrations will be executed 
in precisely equal times. This conception of the 
physical conditions under which musical sounds are 
produced will suffice for the present. We proceed 
to consider in detail the various ways in which such 
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Bounds may differ from eaxjh other, and to investi- 
gate the mechanical cause to which each such dif- 
ference is to be referred. In what follows, by the 
word * soimd ' will always be meant * musical sound,' 
unless the contrary be expressly stated. 



CHAPTER 11. 

ON LOUDNESS AND PITCH. 

24. A musical sound may vary in three diJSerent 
respects. Let a note be played, first by a single 
violin, then, by two, by tliree, and so on, until we 
have all the violins of an orchestra in unison upon 
it. This is a variation of loudness only. Next, let 
a succession of notes be played on any instrument 
of uniform power, such as the harmonium without 
the expression-stop, or on the principal manual of 
an organ, only one combination of stops being in 
either case used. Here we have a variation of pitch 
alone. Lastly, let one and the same note be suc- 
cessively struck on a niunber of pianofortes of the 
same size, but by different makers. The sounds 
heard will all have exactly the same pitch, and about 
the same degree of loudness ; nevertheless they will 
exhibit decided differences of character. The tone 
of one instrument will be rich and full, of another 
ringing and metallic, that of a third will be described 
as * wiry,' of a fourth as ^ tinkling/ and so on. 

Sounds thus related to each other are said to 

vary in quality only. The instances just considered 
T. 4 
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have the advantage of simplicity, since they allow 
of changes in loudness, pitch, and quality being 
exhibited separately. They are, however, less strik- 
ing than other cases where sounds vary in two, or 
in all three, of these respects at the same time. A 
practised. ear may be requisite to detect the difference 
between the tone of two pianofortes, but no one 
js in danger of mistaking, for instance, a flute for a 
trumpet. There is here, no doubt, considerable differ- 
ence of loudness as well as of quality, but let the 
more powerful instrument be placed at such a dis- 
tance that it sounds no louder than the weaker one, 
and the distinction between the two kinds of tone 
will be still quite decisive. 

Two assigned musical sounds thus may differ 
from each other in loudness or pitch or quality, and 
agree in the other two — or they may differ in any 
two of these, and agree in the third — or they may 
differ in all three. There is, however, no other respect 
in which they can differ, and accordingly we know 
all about a musical sound as soon as we know its 
loudness, its pitch, and its quality. These three 
elements determine the sound, just as the lengths of 
the three sides of a triangle determine the triangle. 

25. The loudness of a musical sound depends 
entirely, as we shall easily see, on the extent of 
oscillatory movement performed by the individual 
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particles composing the medium tlirougli whicli the 
sound is conveyed to our ears. A sound-producing 
instrument can be readily observed to be in a state 
of rapid vibratory motion. The vibrations of a 
tuning-fork are perceptible to the eye in the fuzzy, 
half-transparent, rim which surrounds its prongs 
when it is struck; and to the touch, if, after striking 
the fork, we place a finger gently against one of 
the prongs. The harder we hit the fork the louder 
is its soimd, and the larger, estimated by both the 
above modes of observation, are its vibrations. The 
experiment may be tried equally well on any piano-» 
forte whose construction allows the wires to be 
uncovered. It is natural to infer that a vibration on 
the part of a sound-producing instrument com-* 
municates to the particles of the air in contact with 
it a corresponding movement. Thus a sound of 
given loudness is conveyed by vibrations of given 
extent, and, if the soimd increases or diminishes in 
intensity, the extent of the vibrations will increase 
or diminish with it. 

We conclude, then, that the loudness of a musical 
soimd depends solely on the extent of excursion of 
the particles which constitute the conveying medium 
in the neighhourhood' of our ears^ This last condition 
is clearly essential, since a sound grows more and 
more feeble, the greater our distance from the point 

4—2 
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where it is produced. This diminution of intensity 
with the increase of distance from the origin of 
sound is a direct consequence of the connection be- 
tween loudness and extent of vibration. We have 
seen [§ 22] that the further an air particle is from the 
point where a sound is produced, the smaller will be 
the extent of the vibration into which it is thrown by 
the sonorous wave. Hence, as the sound advances, it 
will necessarily become feebler, provided always that 
the waves are permitted to spread out in all direc- 
tions. If they are confined, say, in a tube, the 
intensity of the sound will not diminish with any- 
thing like the same rapidity. We have here the 
theory of message-pipes, which are used in large 
establishments to enable a conversation to be carried 
on between distant parts of a building. A whisper, 
inaudible to a person close to the speaker, may, by 
their means, be perfectly well heard by a listener at 
the other end of the tube. 

26. We have next to enquire to what mechani- 
cal causes differences in the pitch of musical sounds 
are to be referred. Rough observation at once in- 
dicates the direction in which we must look. If we 
draw the point of a pencil along a rough surface, 
first slowly and then more quickly, the sound heard 
will be distinctly shriller the more rapid the move- 
ment of the pencil As its point passes over the 
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minute elevations and depressions whicli constitute 
the roughness of the surface, a series of irregular 
vibrations are set up in the materials of the surface, 
and by them communicated to the air. The more 
rapid are these vibrations, the shriller does the sound 
become. The instrument described below, which is 
called a ' Syren,' gives us the means of following up 
with accuracy the hint just obtained. 



Tiff.2d 




AB is a thin circular disc of tin or card-board, 
which, by means of a multiplying wheel, can be set 
in rapid revolution about a fixed axis through its 
centre, C. A series of holes (eight in the figure) are 
punched in the disc at equal distances along a circle 
having its centre at C. A small tube, ah, is held 
with one end close to one of the holes. If, while the 
disc is rotating, we blow steadily and continuously 
into the tube at a, a certain quantity of air will 
pass through the disc whenever a hole traverses the 
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Orifice &, of tlie tube ah. During the interyak of 
time whicli elapse between the passage of adjacent 
holes across 6, no air can pass through the disc- 
Hence, if the disc be revolving uniformly, a series of 
such discharges will succeed each other at perfectly 
regular intervals of time. The air on the other side 
of the disc will necessarily be agitated by the process. 
Every time that air is driven through one of the 
holes, an increase of pressure occurs close to it, and 
accordingly a pulse of condensation is formed there. 
The elastic force of the air will give rise to a pulse 
of rarefaction during each interval between successive 
discharges. ^ Hence the Syren suppUes tis with a 
regular series of alternate condensations and rare- 
factions which when sufficiently rapid will, as we 
have seen, produce a musical sound. 

27. While air is being blown steadily into the 
tube, let the disc be made to revolve slowly, and then 
with gradually increasing rapidity. At first nothing 
will be audible but a series of faint intermittent 
throbs, due to the impact of the air driven through 
the tube against the successive portions of the disc 
which separate its holes. This sound may be exactly 
reproduced by moving the fore-finger to and fro 
rapidly before the lips, while blowing through them.^ 
It contributes nothing to the proper musical sound 
of the instrument, and is only audible in its imme- 
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diate neighbourliood. Presently, a deep niusical 
iBound begins to be heard, whicli, as the velocity of 
rotation increases, constantly rises in pitch. The 
acuteness of the sound thus obtainable depends 
solely on the speed to which we can urge the instru- 
ment, and is therefore limited only by the driving- 
power at our command- The rise of pitch in this 
experiment is perfectly continuous^ that is to say, 
the sound of the Syren, in passing from a graver 
to a more acute note, goes through every possible' 
intermediate degree of pitch* It is important that 
we should familiarize ourselves with this conception 
of the continuity of the scale of pitch, because in 
the instrument from which our ideas on this subjecfe 
are usually obtained — the pianoforte — the pitch 
alters discontinuously, i. e. by a series of jumps of 
half a tone each, and we are thus tempted to ignore 
the intervening degrees of pitch, or even to suppose* 
them non-existent* The more perfect musical in- 
stnmoients, such as the human voice or the violin, 
are as capable as the Syren of passing through all 
degrees of pitch from one note to another in the, 
way called ^portamento* or 'slurring.* 

It is clear from the nature of the Syren's con- 
struction, that the only change which can take place 
during the rise of pitch is the increased number of 
impulses communicated to, and therefore of vibrations^ 
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set up in, the external air, during any given interval 
of time. If, when a note of given pitch has been 
attained by the Syren, we check any further increase 
of velocity, and cause the disc to rotate uniformly 
at the rate which it has just reached, no further 
alteration of pitch will occur, and the note wiU be 
steadily held by the instrument, so long as the uni- 
form rotation of its disc is kept up. Hence the num- 
ber of aerial vibrations executed in a given time de- 
termines the pitch of the sound heard. 

28. The Syren, besides teaching us this most 
important fact, gives us the means of determining 
the number of vibrations corresponding to any given 
note. If we know the number of rotations which 
the disc has performed in a given time, we have only 
to multiply this number by the number of holes on 
the disc in order to ascertain how many tube-dis- 
charges have * occurred, and therefore how many 
corresponding aerial, vibrations have been performed, 
in the period in question. The Syren is provided 
with a counting-apparatus which registers the num- 
ber of times its disc rotates per second. 

In order, therefore, to obtain the number of vibra- 
tions in a second which correspond to an assigned 
note, we have only to proceed as follows. Let the 
note be steadily sounded by some instrument of 
sustained power, e. g. organ or harmonium, and then 
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cause the Syren sound to mount the scale until its 
pitch coincides with that of the note under examina- 
tion. At the instant of coincidence read the figure 
indicated by the counting-apparatus. This, multi- 
plied by the number of holes in the disc, gives the 
number of vibrations per second required. It will 
be convenient, for the sake of shortness, to call the 
number of vibrations per second, to which any note 
is due, the mhration-number of the note in question. 
It is clear, from what has gone before, that any 
assigned degree of pitch can be permanently re- 
gistered, when once its vibration-number has been 
ascertained. 

29. The Syren shows that, below a certain rate 
of vibi^tion, no musical sounds are produced. The 
position of the absolute limit thus placed to the 
gravity of such sounds cannot be exactly defined, 
and probably varies somewhat for different ears. 
The lowest note on the largest modem organs has 
16 J for its vibration-number, but it is a moot ques- 
tion whether the musical character of this note can 
be recognized or not. 

In any case we may regard the lower limit of 
musical sounds as situated in the immediate neigh- 
bourhood of this degree of pitch. For some distance 
above the limit the musical character continues very 
imperfect, and it is not until we reach 41i vibrations 
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1 

per second, the lowest note of the double-bass, that 
we get a satisfactpry musical sound. There is no 
corresponding limit absolutely barring the scale of 
pitch in the opposite direction, but sounds above a 
certain degree of acuteness become painful to the ear, 
and therefore unfit for musical purposes. The highest 
note of the piccolo, the shrillest sound heard in the 
orchestra, makes 4752 vibrations per second. And 
this we may regard as constituting a practical 
superior limit to the scale of pitch at the disposal 
of musical art. The extremest range attainable by 
exceptional human voices, from the deepest note of a 
bass to the highest of a soprano, lies, roughly speak- 
ing, between 50 and 1500 vibrations per second. 
Ordinary chorus voices range from 100 to &00, or 
1000 vibrations per second. The number of sounds 
within the limits of the musical scale, which can be 
recognized as possessing distinct degrees of pitch, 
will vary with the acuteness of perception of in- 
dividual observers. Trained violinists are said to h^ 
able to distinguish about seven hundred sounds in a 
single octave, which would give ijearly five thousand 
' for the whole scale. But, since the difficulty of fix- 
ing the pitch with accuracy increases very rapidly 
with very low or very high sounds, this estimate 
would probably much exceed the limits of what 
Qould be achieved by the very finest ear. We shall,. 
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liowever, be well within the mark if we assume that 
an ordinary ear can recognize, on the average, between 
one and two hundred sounds in an octave, or fully 
one thousand in the whole scale. There is nothing 
In the continuously shading-ojff gradations of pitch 
to indicate what sounds should be picked out to 
form agreeable sequences, or combinations, with each 
other. Nevertheless the himian mind, working on 
this seeining chaos from the earliest dawn of musical 
art, has reduced it to order by discovering the follow- 
ing principle. 

30. When one sound has been arbitrarily selected 
as the starting-point, there are a certain number of 
other sounds, having fixed relations of pitch to that 
previously chosen, which are capable of forming, with 
it and with each other, melodic and harmonic efiects 
especially pleasing to the ear. These are the notes 
of the ordinary major and minor scales, the original 
sound of reference being the common tonic^ or 'key-- 
note, of those scales. In saying that these sounds 
have fixed mutual relations of pitch, we merely state 
formally an obvious fact. A familiar melody is 
recognized equally well whether heard in the deep 
tones of a man's, or in the shrill notes of a child's 
voice. Whether the singer pitches it on a low or on 
a high note of his voice makes no difierence in the 
melody itself. In feet the correctness with which an. 
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air is sung no more depends on the exact pitch of 
the note on which the singer starts it, than does the 
faithfuhiess of a plan on the precise scale which the 
draughtsman has adopted. It is sufficient that the 
constituent notes of the melody should have fixed 
mutual relations of pitch, just as, in the plan, the 
several objects represented need only be drawn in 
proportion to their actual dimensions. 

The difference in pitch of any two notes is called 
the interval between them : it is on accuracy of 
intervals that music essentially depends. 

31. The most important interval in the scale is 
the octave. It is that which separates the highest 
note of a peal of eight bells fi:om the lowest. When 
a bass and a treble voice sing the same melody 
together, the notes of the latter are usually one 
octave above those of the former. The octave has 
this peculiarity, shared by no other interval, that, if 
starting from any note we choose, we ascend to that 
an octave above it, then to that an octave above the 
last, and so on, we get a number of notes which 
sound perfectly smooth and agreeable when heard all 
together. The same thing holds good, if we descend 
by a succession of octaves from the note fixed on 
as our starting-point. Hence we may conveniently 
regard the whole scale of pitch as divided into a 
series of octaves, taken upwards and downwards from 
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some one sound arbitrarily selected. Narrower in- 
tervals situated in any one octave are repeated in all 
the other octaves, so that, when we have settled 
those intervals for a idngle octave, we have settled 
them for all the rest. Within the limits of each 
octave, the common major scale presents us with 
seven notes, or, if we include that which forms the 
starting point of the next octave, with eight. The 
fact that the eighth note is the octave of the first 
explains the meaning of the word * octave,' i.e. 
* eighth' {Latin: ^octavus^). 

The eight notes are those of an ordinary peal of 
the same nimiber of bells, or of the white keys of the 
pianoforte between two adjacent C's. We may, for 

convenience of reference, number them 1, 2, 3 8, 

beginning with the lowest note, or tonic. The fol- 
lowing nomenclature is used to describe the intervals 
formed by the several notes ivith the tonic. 



Notes forming interval. 


Na.TYie of interval. 


1 and 2 


Second 


1 3 


Major Third 


1 4 


Fourth 


1 6 


Fifth 


1 6 


Major Sixth 


1 7 


Major Seventh 


1 8 


Eighth or Octave. 
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When two notes of the same pitch are sounded to- 
gether, e. g. by two instruments, or by two voices, the 
notes are said to be in unison. Though there is here 
no difference of pitch whatever, it is convenient to 
rank the unison as an interval. With this explana- 
tion we may add to the above table that 1 and 1 
form the interval of an unison. The reader must 
carefully avoid giving to the * Thirds,' 'Fourths,' 
&c., which he meets with in music the meanings 
attached to the same words in fractional arithmetic, 
with which they have absolutely nothing to do. A 
* Fifth,' for example, does not stand for a ffth part 
of an octave, or indeed for a ffth part of anything, 
but for the difference of pitch between the first and 
fifth notes of the scale. 

The several pairs of notes forming the intervals 
laid down in our table do not all produce smooth 
and agreeable effects when sounded together. The 
following pairs blend pleasantly : 

1—3, 1—4, 1—5, 1—6, 1—8 ; 
the remaining two, 

1 — 2 and 1 — 7, 
give rise to decidedly harsh effects. The intervals 
in the first line are therefore classed as concords, 
those in the second as discords. 

32. The minor scale has the notes 1, 2, 4, 5, 8 
in common with the major scale. It substitutes for 3 
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a sound lying between that note and 2, whicli forms 
with 1 a consonant interval called the Minor Third. 
According to circumstances it may either retain 6, or 
replace it by a sound lying between that note and 5, 
which makes with 1 a concord called the Minor 
Sixth. Similarly it may employ 7, or, in the room 
of that note, a fresh sound situated below it, but 
above 6, which with 1 forms a discord called the 
Minor Seventh. 

Thus, including the octave, the two scales together 
give us a series of eleven notes, which, severally com- 
bined with the tonic, form ten distinct intervals. 
They are expressed in musical notation as follows : — 



Second. 



Minor Third. Major Third. 



Fonrth. 



Fifth. 



P 



* 



^ 



r 



rn: 



Ifinor Sixth. Major Sixth. Minor Seventh. Major Seventh. Octave. 



P- 



VSL 



^- 



P^- 



f 



s: 



The reader should endeavour to familiarize him- 
self with these intervals, so that, when he hears the 
pair of notes which form any one of them successively 
sounded, he may at once be able to name the 

interval. 

33. The Syren enables us to obtain simple nu- 
merical measures of the intervals exhibited on this 



page. 
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Let a second circular row, containing sixteen 
holes, be punched in its disc, and the instrument set 
uniformly rotating. If we now blow alternately 
against the 8-hole row, and the 16 -hole row, we shall 
find that the sound produced at the latter is pre- 
cisely one octave higher in pitch than the sound 
produced at the former.. If we increase or diminish 
the velocity of rotation, both sounds will, of course, 
rise or fall proportionately, but the interval between 
them wUl remain unaffected and equal as before, to 
an exact octave. The number of air-discharges cor- 
responding to the more acute sound is, in this case, 
evidently twice as large, in any given time, as the 
number, during the same time, for the graver sound. 
Accordingly we have the following result. 

When two sounds differ hy a single octave, the 
higher sound makes exax^tly twice as many vibrations 
in any assigned time as the lower. 

Next let a row of 12 holes be pimched in the 
disc of the Syren. Taking this row with the 8-hole 
row, and proceeding as in the last instance, we find 
that the more acute sound forms a Fifth with the 
graver one. The nimibers of discharges in any given 
time are here as 12 to 8, i.e. as 3 to 2. The result 
therefore is as follows : when two sounds differ hy a 
Fifth, the higher sound makes exactly three vibrations 
during the time in which the lower sound makes two. 
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If we take the 16-liole and 12-hole rows together, 
the interval amounts to a Fourth; accordingly, 
when two sounds differ by a Fourthy the higher sound 
makes exactly four vibrations during the time in which 
the lower sound makes three. 

34. The results just obtained may be somewhat 
more concisely stated. During one second of time, 
the upper of two sounds diflPering by an octave makes 
a number of vibrations, which is to the number made 
by the lower sound as 2 to 1. For a Fifth the ratio 
is as 3 to 2. For a Fourth it is as 4 to 3. Remem- 
bering, then, the definition of the vibration-number 
of an assigned sound [§ 28], we paay express our 
three results as follows : — 

When two sounds form with each other the 
intervals of an octave, a Fifth or a Fourth, their 
vibration-numbers are to each other, in the first case 
as 2 to 1, in the second as 3 to 2, in the third as 
4 to 3. 

A ratio is most easily expressed by a fraction. 
Thus we may regard the fraction f as denoting the 
interval of a Fifth. It may be taken as an abbre- 
viated statement of the fact that, when two sounds 
form a Fifth with each other, the more acute makes 
3 vibrations while the graver makes 2. 

35. By suitable experiments, similar numerical 
relations to those already established may be ob- 

T* 5 
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tained for all the intervals already considered. A 
fraction can thus be determined for each interval, 
in the manner exemplified in the case of the Fifth. 
We will call this fraction the vihration-fraction of the 
interval in question. The accompanying table gives, 
in the second column, the vibration-fractions corre- 
sponding to the intervals named in the first ; and in 
the third, describes the consonant or dissonant cha- 
racter of the intervals. 



Name of interval. 


Vibration-fraction. 


Character of intenral. 


Unison 


1 


concord 


Second 


discord 


Minor Third 


1 

f 


concord 


Major Third 




concord 


Fourth 


1 


concord 


Fifth 


f 


concord 


Minor Sixth 


IT 


concord 


Major Sixth 


5 


concord 


Minor Seventh 


1^ 
9 


discord 


Major Seventh 


15 
8 


discord 


Octave 


f 


concord 



It is noticeable that the dissonant intervals in- 
volve higher numbers in their vibration-fractions 
than the consonant intervals do ; the latter, with the 
solitary exception of the Minor Sixth, having nothing 
beyond 6, while the former bring in 9, 15 and 16. 
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36. By the help of the last table, we can calcu- 
late the vibration-numbers of all the notes within a 
single octave which belong to the major or minor 
keys as soon as the vthration-number of the tonic is 
given. For instance, let middle C of the pianoforte 
(vib,-no. 264) be the tonic. From the second line 
of the table, we see that the vibration-number of 

D must be to 264 in the ratio of 9 to 8. It must 

9 
therefore be equal to - x 264, or 297. For Ej,, by 

exactly similar reasoning, we obtain - x 264 or 316f ; 



for E, ^ X 264, or 330. 

4 

The student should work out the remaining cases 
for himself. 

The complete results for the major scale are as 
follow : — 



^ 



JOL 



ja. 



"Si 



287 



880 



8fi8 



886 



440 



486 



ea» 



In order to extend the scale another octave up- 
wards, we have only to multiply each vibration-num- 
ber by 2. A second multipKcation by 2 will raise it 
by another octave, and so on. Conversely, in order 
to pass to the octave below, we divide each vibration- 
number by 2. To descend a second octave we repe&t 
the operation, and so on. 

5—2 
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Thus the pitch of the tonic abBolutely fixes the 
pitch of every note, in the scale of which it is the 
starting-point. 

Before we proceed to investigate the mechanical 
equivalent of the third element [§ 24] of a musical 
sound, its quality, it will be convenient briefly to 

examine a subject possessing an important bearing 

< 

on that enquiry. This we shall do in the next 
chapter. 
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OK BESONANCE, 



37. When a sounding body causes another body 
to emit sound, we have an instance of a very remark- 
able phenomenon called resonance. The German term 
for it, ' CO- vibration' {Mitschmngung), possesses the 
merit of at once indicating its essential meaning, 
namely, the setting up of vibrations in an instrument, 
not by a blow or other immediate action upon it, but 
indirectly as the result of the vibrations of another 
instrument. In order to produce the effect, we have 
only to press down very gently one of the keys of a 
pianoforte, so as to raise the damper, without making 
any sound, and then sing loudly, into the instrument, 
the corresponding note. When the voice ceases, the 
instnmient wiH continue to sustain the note, which 
will then gradually fade away. If the key is allowed 
to rise again before the sound is extinct, it will 
abruptly cease. A similar experiment may be tried, 
as follows, on any horizontal pianoforte which allows 
the wires to be uncovered. Each note is, it is well 
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known, produced by two, or by tbree, wires. 
Having, as in the previous case, raised one of the 
dampers without striking the note, twitch one of the 
corresponding wires sharply with the finger-nail, and 
then wait a few seconds. The vibrations will, in this 
interval, have communicated themselves to the other 
string, or strings, belonging to the note pressed down : 
if, now, the first wire be stopped by applying the tip 
of the finger to the point where it was at first 
twitched, the same note, produced by these trans- 
mitted vibrations, will continue to be sustained by 
the remaining wire or wires. 

A more instructive method of studying resonance 
is to take two unison tuning-forks, strike one of 
themj and hold it near the other, but without touch-* 
ing it. I'he second fork will then commence sound- 
ing by resonance, and will continue to produce its 
note though the first fork be brought to silence. It 
is essential to the success of this experiment that the 
two forks should be rigorously in unison* If the 
pitch of one of them be lowered by causing a small 
pellet of wax to adhere to the end of one of its prongs, 
the effect of resonance will no longer be produced, 
even though the alteration of pitch be too small to be 
recognized by the ear. Further, the phenomenon re- 
quires a certain appreciable length of time to develope 
itself; for,, if the silent fork be only momentarily ex- 
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posed to the influence of its vocal fellow, no result 
ensues. The resonance, when produced, is at first 
extremely feeble, and gradually increases in intensity 
under the continued action of the originally-excited 
fork. Some seconds must elapse before the maximum- 
resonance is attained. The conditions of our experi- • 
ment show, directly, that the resonance of the second 
fork was due to the transmission, hy the air, of the 
vibrations of the first, the successive air-impulses fall- 
ing in such a manner on the fork as to produce a 
cumulative effect. If we bear in mind the dispropor- 
tionate mass of the body set in motion compared to 
that of the air acting upon it, — steel being more than 
six thousand times as heavy as atmospheric air, for 
equal bulks, — ^we cannot fail to regard this as a very 
surprising fact* 

Let us examine the mechanical causes to which it 
is due. Suppose a heavy weight to be suspended 
from a fixed support by a flexible string, so as to 
form a pendulum of the simplest kind. In order to 
cause it to perform oscillations of considerable extent 
by the application of a number of small impulses, wq 
proceed as follows. As soon as, by the first impulse, 
the weight has been set vibrating through a small 
distance, we take care that every succeeding impulse 
is impressed in the direction in which the weight is 
moving at the time. Each impulse, thus applied, wiU 
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cause the pendulum to oscillate througli a larger 
angle than before, and, tlie effects of many impulses 
being in this way added together, an extensive swing 
of the pendulum is the result 

When the distance through which the weight 
travels to and fro, though in itself considerable^ is 
small compared to the length of the supporting string ^ 
the time of oscillation is the same for any exteni of 
swing within this limit, and depends only on the 
length of the string. My readers wiU find this im^ 
portant principle illustrated in any Manual of Elemen- 
tary Mechanics, and I must ask them to take it for 
granted here. For the sake of simplicity, let us sup- 
pose that we are dealing with a second^ s pendulum, 
i. e. one of such a length as to perform one complete 
oscillation in each second, and therefore to make a 
single forward or backward swing in each half second. 
It will be clear, from what has been said above, that 
the most rapid effect will be produced on the motion 
of the pendulum, by applying a forward and a back- 
ward impulse respectively during each alternate half 
second, or, which is the same thmg, administering a 
pair of to and fro impulses during each complete 
oscillation of the pendulum. We have a simple in- 
stance of such a proceeding in the way in which a 
couple of boys set a heavily laden swing in violent 
motion. They stand facing each other, and each boy. 
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when the swing is moving away from him, helps it 
along with a vigorous pusL 

38. The above considerations enable us to ex* 
plain how a sounding-fork excites the vibrations of 
another fork in xmison with itself, through the me- 
dium of the intervening air. "When a continuous 
musical note is being sounded, we know that, at any 
one point we choose to fix upon, the air is imdergoing 
a series of rapid changes, becoming alternately denser, 
and less dense ; than it would be were the sound to 
ceade. The increase of density is accompanied by an 
increase of pressure ; its diminution by a diminution 
of pressure [§ 20]. 



ted 





Let Ay Fig. 21, be the sounding-fork, B that 
whose vibrations are to be excited by resonance, and 
let us consider the effect of the alternations of pres- 
sure on the air at c on the prong he. The increase of 
pressure will tend to move the prong into the posi- 
tion hdy its subsequent diminution will facilitate the 
elastic recoil of the fork, supported also by the su- 
perior density of the air on the other side of the 
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prong, and thus tend to bring the prong into the po- 
sition &e, further to the left of its original position ^ 
6c, thari hd was to the right of it. Thus the alter- 
nate condensations and rarefactions of the Sound- 
waves impress on the fork B corresponding impulses 
in opposite directions. One pair of such impulses is 
applied regularly during each complete vibration of 
Bf since they are due to the vibrations of Ay which is 
in unison with B. Further, for the small extent of 
vibration with which we have here to deal, the prongs 
of a tuning-fork move exactly according to the same 
law as a pendulum^. Accordingly, these air-impulses 
are applied under precisely the conditions which we 
found to be most favourable to the rapid develop- 
ment of vibratory motion. The large number of such 
impulses which succeed each other in a few seconds, 
make up for the feebleness of each by itself. It is in 
accordance with thi^, that resonance is produced 
more slowly between unison-forks of low, than be- 
tween those of high, pitch. I find that, with two 
making 256 vibrations per second, about one second 
is requisite to bring out an audible resonance ; while 
with another pair> making 1920 vibrations per second, 
I am not able to damp the first fork sufficiently soon 
after striking it, to prevent the other firom making 
itself heard. 

' This will be proved in § 70. 
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39* A column of air is easily set in resonant 
vibration by a note of suitable pitch. The roughest 
experiment suffices to establish this fact. We have 
only to roll up a piece of paper, so- as to make a 
little cylinder six inches long and an inch or two in 
diameter, with both ends open, and to hold a com- 



mon C tuning-fork 




: 1 close to one of the 






apertures, after striking it briskly. As soon as the 
fork reaches the position (1) Fig. 22, its tone will un- 
mistakeably swell out. In order to estimate the in- 
crease of intensity produced, it is a good plan to 
move the fork rapidly to and fro, a few times, be- 
tween the positions (1) and (2). 
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In the first case we have the full effect of resonance, 
in the second only the unassisted tone of the fork, 
and the contrast is very marked. We may shorten 
or lengthen our cylinder, within certain limits, and 
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still obtain the phenomena of resonance, but the 
greatest reinforcement of tone we can attain with the 
fork selected will be produced by an air-column about 
six inches long. 

If we close one end of the paper cylinder, by 
placing it, for instance, on a table, and repeat our ex- 
periment at the open end, only a very weak resonance 
is produced; but we obtain a powerful resonance 

by operating with a fork ((jfc — 1^==: ) making half 

ds many vibrations per second as that before em- 
ployed. In this case, then, a column of air contained 
in a cylinder, of which one end was closed, resounded 
powerfully to a note one octave below that which 
elicited its most vigorous resonance when contained 
in a cylinder open at both ends. 

By operating in this fashion, with forks of dif- 
ferent pitch, on air-columns of different lengths, we 
arrive at the following laws, which are universally 
true : — 

1. For every single musical note there is a cor- 
responding air-column of definite length which re- 
sounds the most powerfully to that note. 

2. The maximum resonance of air in a closed 
pipe is produced by a note one octave below that to 
which an open pipe of the same length resounds the 
most powerfully. 
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40. In order to ascertain the precise relation 
between the pitch of a note and the length of the 
corresponding air-column, we^ will examine the way 
in which resonance is produced in a column of air 
contained in a pipe closed at one end. 

Let Ay Fig. 23, be the open, and B the closed, 
ends of the pipe, and let us, for a moment, replace 
the contained air by an elastic spiral spring fitstened 
at J?, and of length equal to AB. 



Suppose the end of the spring suddenly pushed 
a little way from A towards B. The coils of the 
spring nearest A will be squeezed together, and this 
condensed state of the spring will travel along it 
until it reaches B. The- end of the pipe will there 
cause the condensation to rebound, and travel back 
again to -4. If let alone, the end of the spring 
would now protrude slightly beyond the open end 
of the tube, the coils near A would be drawn some- 
what apart and a rarefaction would in consequence 
pass along AB and after reflexion at B return to -4, 
where it would meet the end of the spring just 
contracting to its original length. The elasticity of 
the spring would, thus, cause it to lengthen and 
shorten as a whole, in consequence of the single push 
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originally given it, and this motion would for a* time 
continue, its successive periods being four times the 
space of time occupied by a pulse of condensation 
or rarefaction in traversing the length of the tube. 
The free end of the wire may, however, be pulled 
and pushed, alternately, so as to reinforce each pulse 
as it arrives at the open end of the tube, and 
in this manner the maximum of motion will be com-* 
municated to the spring. In this case, one outward, 
and one inward, impulse of the hand must be com- 
mimicated to the free end of the spring, during the K 
time which elapses while a pulse traverses four 
times the length of the tube. Reverting to the 
actual conditions of our problem, we have the reso- 
nance of the air-column, in place of the alternate 
lengthening and shortening of the spring. For the 
to and fro motion of the hand at -4, we must substi- 
tute that of the prong of the vibrating fork. The 
sound^pulse traverses four times the length of the 
tube while the fork is performing one complete 
vibration. We know, however [§§ 8 and 15], that^ 
during this latter period, the soimd-pulse due to the 
fork's action traverses precisely one wave-length 
corresponding to the pitch of the note produced by 
the fork. Hence, for maximum resonance in the 
case of a closed pipe, the wave-length corresponding 
to the note sounded must be four times as great 
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as the length of the air-column, or the length of 
the column one quarter of the wave-length. 

41, These principles give us the explanation of 
^ useful appliance for intensifying the sound of a 
tuning-fork. Such a fork, when held in the hand 
after being struck, communicates but little of its 
vibration to the surrounding air; when, however, its 
handle is screwed into one side of an empty wooden 
box of suitable dimensions, in the way shown in Fig. 
24, the tone becomes much louder. The vibrations of 
the fork pass from its handle to the wood of the box. 
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aid thence to the air-column within, which is of 
appropriate length for maximum resonance to the 
fork's note. This convenient adjunct to a tuning- 
fork goes by the name of a * resonance-box.' 

42. When a number of musical sounds are 
going on at once, it is generally difficult, and often 
impossible, for the unaided ear to decide whether 
an individual note is, or 5s not, present in the whole 
mass of sound heard. If, however, we had an 
instrument which intensified the tone of the note of 
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which we were in search, without similarly rein- 
forcing others which there was any risk of our 
mistaking for it, our power of recogniang the note 
in question would be proportionately increased. 
Such an instrument has been invented by Helmholtz. 
It consists of a hollow ball of brass with two aper- 
tures at opposite ends of a diameter, as shown in 
Fig. 25. 



The larger aperture allows the vibrations of the 
external air to be commUDicated to that within 
the ball; the smaller aperture passes through a 
nipple of convenient form for insertion in the ear of 
the observer. The air contained in the ball resounds 
very powerfully to one single note of definite pitch, 
whence the instrument has been named, by its in- 
ventor, a resonator. The best way of using it is, 
first, to stop one ear closely, and then to insert the 
nipple of the instrument in the other; as often as the 
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resonator's own note is sounded in the external air, 
the instrument wiU sing it into the ear of the oh-' 
server with extraordinary emphasis, and thus at once 
single out that note from among a crowd of others 
differing from it in pitch. A series of such resona- 
tors, tuned to particular previously selected notes, 
constitutes an apparatus for analyzing a composite 
sound into the simple tones of which it is made up. ' 



T. 






V 



CHAPTER IV. 



ON QUALITY. 



43* The laws of resonance enable us to establish 
a remarkable, and by most persons utterly un- 
suspected, fact, viz. that the notes of nearly every 
regular musical instrument with which we are 
familiar, are not, as they are ordinarily taken to be, 
single tones of one determinate pitch, but composite 
sounds containing an assemblage of such tones. 
These are always members of a regular series, form- 
ing fixed intervals with each other, which may be 
thus stated : if we number the separate single 
tones, of which any given sound is made up, 1, 2, 
3, &c., beginning with the lowest, and ascending in 
pitch, we have 

(1) The deepest, or fundamental, tone, which is 
commonly treated as determining the pitch 
of the whole soimd. 

(2) A tone one octave above (l). 

(3) A tone a Fifth above (2), le. a Twelfth 
above (1). 
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(4) A tone a Fourth above (3), i.e. two octaves 
above (l). 

(5) A tone a Major Third above (4), i.e. two 
octaves and a Major Third above (1), 

(6) A tone a Minor Third above (5), Le. two 
octaves and a Fifth above (1). 

These are the most important members of the 
series. Their vibration-numbers are connected by a 
simple law, which is easily deduced from the above 
relations. If the fundamental tone makes 100 
vibrations per second, (2) will make twice as many 
Le. 200 ; (3) being a Fifth above (2), will have for 

3 

its vibration-number, ^ x 200, or 300. For (4), 

which is a Fourth above (3), we get similarly 
I X 300, or 400 ; for (5) - x 400, or 500 ; for (6), 

- X 500, or 600. Thus the numbers come out 100, 
o 

200, 300 and so on, or, generally, whatever be the 

vibration-number of (1), those of (2), (3), (4), &c., 

are respectively ticicey three times, four times, &c. 

as great. Subjoined, in musical notation, is the 

series of tones complete up to the tenth, taking C 

in the bass clef as our fundamental tone, though 

any other would do equally well, 

6—2 
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The asterisk denotes that the pitch of the 7th 
tone is not precisely that of the note by which it 
is here represented. It is in fact sUghtly less 

acute. 

The leader must not suppose, that, because the 
tones into which a note of a musical instrument may 
usually be decomposed are members of a fixed series, 
oil those which we have written down are neces- 
saiily present in every such note. All that is meant 
to be asserted is, that those which are present, be 
they few or many, must occupy positions determined 
by the law connecting each tone with its funda- 
mental. The sound may contain, say, (1), (3), and 
(5) only, or (1), (4) and (8) only, and so on, the 

rest being entirely absent, but in no case can a tone 
intermediate in pitch between any two consecutive 
members of the series make its appearance. 

44. Experimental evidence shall now be pro- 
duced in support of the extremely important pro- 
position just enimciated. 

We will begin with the sounds of the pianoforte. 

Let the note ^5==^ be first silently pressed down, 
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I 

and then ^~~ ^^ be vigorously struck, and, after 

three or four seconds, allowed to rise again. The 
lower note is at once extinguished, but, we now 
hear its octave sounding with considerable force 

from the wires of 5^ . If we permit the damper 

to fall back on these, by releasing the note hitherto 
held down, the whole sound is immediately cut off. 
Next, retaining the same fundamental note^ 

BEEo^E , let ^—5 :1= be quietly freed from its damper, 

and the experiment repeated as before. We shall 
then hear this note sounding on after the extinction 

of ^^ « . Similar results may be obtamed with 

the three next tones, 3s£^=z=, but they drop 
off very rapidly in intensity. The tones above 
^ are so weak as to be practically insensible. 

The series of tones produced in this succession of 
trials can only be due to resonance. But, as has 
been already shown, the vibrations- of any instrument 
are excited, by resonance, only when vibrations of the 
same 'period are already present in the surrounding 
air. Accordingly, the oilly sound directly originated 
in each variation of our experiment, viz. that of the 

DL^te ^~~^r~ k must have contained all the tones suc-^ 
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cessively heard. The reader should apply the method 
of proof here adopted to notes in various regions of 
the key-board. He will find considerable differences, 
even between consecutive notes, in the number and 
relative intensities of the separate tones into which he 
is thus able to resolve them. The higher the pitch of 
the fundamental tone, the fewer will the recognizable 
associated tones become, untU, in the region above 



i 



, the notes are themselves approximately 



single tones. The causes of these differences wiU be 
explained, in detail, in a subsequent chapter; it is 
suflScient here to indicate their existence. The result 
arrived at, thus far, is that the sounds of the piano- 
forte are, in general, composite, the number of consti- 
tuent tones into which they are resolvable being 
largest in the lower half of the instrument, and dimi- 
nishing in its upper half, until, at last, no analysis is 
called for. 

45. The above resolution has been effected by 
means of the principle of resonance. It can, however, 
be performed by the ear directly, though only to a 
small extent, and with less ease. In endeavouring 
to hear a particular constituent tone among the as- 
semblage forming a compound sound, the best plan 
is, £rst to let the upper tone be heard by itself a few 
times so as to prepare the ear for the precise degree 
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of pitcli it is to expect, and then to develope the 
compound sound. If, meanwhile, the observer has 
succeeded in keeping his attention unswervingly fixed 
on the tone for which he is listening, he will hear it 
come out clearly from the mass of tones included in the 

composite soimd. If the pianoforte note, ^""^"~' , be 
thus examined, the octave, .fl) , and Twelfth, 

1^—^rz y can generally be recognised with consider- 
able ease ; the second octave, - ^ " , with a little 

trouble; the next three tones of the series on p. 84, 
with increasing difficulty, and those which succeed 
them not at all. The reader approaching this pheno- 
menon for the first time must not be disappointed if, 
in trying this experiment, he fail to hear the tones 
he is told to expect. He should vary its conditions 
by changing the note struck, in such a way that his 
attention will not be liable to be diverted by the 
presence of distinct tones more acute than that of 

which he is in search. Thus a note near ^^ may 

be advantageously chosen to observe the first octave. 



i 



^ " ; one near rF""^~" to observe the Twelfth, 
y o— ; one near to observe the second 
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octave, t>' — . He may however altogether feil in 

performing the analysis with the imaasisted ear. 
This by no means indicates any aural defect, as he 
may at first be inclined to imagine. It rather shows 
that the life-long habit of regarding the notes of in- 
dividual sound-producing instruments as single tones 
cannot be unlearned all at once. The case is analo- 
gous to that of single vision with two eyes, where tw0 
distinct and different images are so blended together 
as to appear, to all ordinary observation, as one. The 
acoustical observer who is thus situated, must rely on 
the analysis by resonance, and on the evidence of those, 
who are able to perform the direct analysis. As he 
pursues the subject further experimentally, his analyti- 
cal faculty will no doubt in time adequately develope 
itself 

46. The composite character of musical sounds, 
which we have recognized in the case of the piano- 
forte, and shall have ample opportunity of verifying 
more generally in the sequel, requires the introduc- 
tion, here, of certain verbal definitions and limitations. 
The phraseology hitherto employed, both in the science 
of acoustics and in the theory of music, goes on 
the supposition that the sounds of individual instru- 
ments are single tones, and therefore, of course, con-* 
tains no term specially denoting compound sounds 
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and their constituents. * Sound/ *note/ and *tone* 
are used as nearly synonymous. It will be conve- 
nient to restrict the meaning of the latter so that it 
shall denote a sound which does not admit of resolu- 
tion into simple elements. A single sound of deter- 
minate pitch we shall, accordingly, in what follows, 
call a toney or simple tone. For a compound sound 
the word clang will be a serviceable term. The series 
of elementary sounds into which a clang can be re- 
solved we shall caU its partial-tones ^ sometimes dis- 
tinguishing, among these, the lowest, ox fundamental 
toney from the others, or overtones of the clang. This 
nomenclature is a direct adaptation of the German 
terms employed by Helmholtz. Its introduction is 
due to Professor Tyndall. 

47* This long discussion has paved the way for 
the complete explanation of musical quality which is 
contained in the following proposition. The quality 
of a clang depends on the number y orders, and rela- 
tive intensitieSy of the partial-tones into which it can 
he resolved. We have here three different causes to 
which variations in the quality of composite sounds 
are assigned. 

1. A clang may contain only two or three, or it 
may contain half-a-dozen, or even as many as fifteen 
or twenty, well-developed partial-tones. 

2. The number of partial-tones present remain- 
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ing the same, the quality will vary according to the 
positions they occupy in the fixed series on p. 84, i.e. 
on their orders. Thus, a clang containing three tones 
may consist of (1), (2), (3), or of (1), (3), (5), or of (1), 
(7), (10), and so on, the quality varying in each in- 
stance. 

3. The number and orders of the partial-tones 
present remaining the same, the quality will vary 
according to the relative degrees of loudness with 
which those tones speak. Thus, in the simplest case 
of a clang consisting of (1) and (2), (2) may be twice 
as loud/ or as loud, or half as loud, as (1), and 
so on. 

It is clear that these three classes of variations 
are entirely independent of each other, that is to say, 
any two clangs may differ in the number, orders, and 
relative intensities, of their constituent partial-tones. 
The variety of quality thus provided for is almost in- 
definitely great. In order to form some idea of its 
extent, let us see how many clangs of different qua- 
lity, but of the same pitch, can be formed with the 
first six partial-tones, by variations of number and 
oi^der only. We will indicate each group of tones by 
the corresponding figm^es inclosed in a bracket ; thus 
e. g. (1, 3, 5) represents a clang consisting of the first, 
third and fifth tones. 

All the possible groups, each necessarily contain- 
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ing the same fundamental tone, are given in tlie fol- 
lowing enumeration. 

Two at a time : 

(1, 2), (1, 3), (1, 4), (1, 5), (1, 6). 
Totals. 

Three at a time : 

(1, 2, 3), (1, 2, 4), (1, 2, 5), (1, 2, 6), (1, 3, 4). 

(1, 3, 5), (1, 3, 6), (1, 4, 5), (1, 4, 6), (1, 5, 6). 
Total 10. 

Four at a time : 

(1, 2, 3, 4), (1, 2, 3, 5), (1, 2, 3, 6), 
(1, 2, 4, 5), (1, 2, 4, 6), (1, 2, 5, 6), 
(1, 3, 4, 5), (1, 3, 4, 6), (1, 3, 5, 6), (1, 4, 5, C). 

Total 10. 

Five at a time : 

(1, 2, 3, 4, 5), (1, 2, 3, 4, 6), (1, 2, 3, 5, 6), 

(1, 2, 4, 5, 6), (1. 3, 4, 5, 6). 
Totals. 

Six at a time : (1, 2, 3, 4, 5, 6). 
Total 1. 

The whole number of groups is 31, or, if we allow 
the fundamental tone (1) to count by itself as a 
sound of separate quality, 32. Let us next ex- 
amine how roany dangs of diflferent quality can be 
obtained from a single combination of three fixed 
partial-tones by variations of intensity only, sup- 
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posing that each tone is capable of but two degrees 
of loudness. Representing one of these by /, and 
the other by jp, we indicate, e.gr., by (/, jp, p) a clang 
in which the fundamential tone is sounded forte, and 
the two overtones piano. The different cases which 
present themselves are the following : 

(/>//), ^f,pji {pj,f), (p.pj). ifJ'P)' 

if>P>Pl {PyfyP)> (P>P>P) 

or seven in all, since {p, p, p) has the same quality 
as (//,/). The number of caaes increases very 
rapidly as we take more partial-tones together. 
Thus a clang of four tones wiU produce 1 5 sounds of 
different quality; one of five tones 31 ; one of six 
tones 63, by variations of intensity only. Alto- 
gether we could form, with six partial-tones, each 
susceptible of only two different degrees of intensity, 
upwards of four hundred clangs of distinct quality, 
all having the same fundamental tone. The suppo- 
sition above made utterly understates, however, the 
varieties of quality dependent only on changes of 
relative intensity. A very slight increase, or diminu- 
tion, of loudness, on the part of a single constituent 
tone, is enough to produce a sensible change of 
quality in the clang. We should be still far below 
the mark if we allowed each partial tone four 
different degrees of intensity, though even this sup- 
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position would bring us more than eight thousand 
separate cases. Since many more variations of inten- 
sity are practically efficacious, and also since the num^ 
ber of disposable partial-tones need by no means be 
limited, as has here been done, to the first six, the 
above calculation will probably suffice to convince 
the reader that the varieties of quality which the 
theory we are engaged upon is capable of accounting 
for, are almost indefinitely numerous. This is, in 
fact, -no more than we have a right to expect from the 
theory, when we reflect on the fine shades of quality 
which the ear is able to distinguish. No two instru- 
ments of the same class are exactly alike in this 
respect. For instance, grand pianofortes by Broad- 
wood and by Erard exhibit unmistakeable differences, 
which we describe as * Broadwood tone ' and * Erard 
tone.' Less marked, but still perfectly recognizable, 
differences exist between individual instruments of 
the same class and maker, and even between con- 
secutive notes of the same instrument. To these 
we have to add the variations in quaHty due to 
the manner in which the performer handles his 
instrument. Even on the pianoforte the kinds of 
tone elicited by a dull slamming touch, and by a 
lively elastic one, are clearly distinguishable. With 
other instruments the distinctions are much more 
marked. On the violin we perceive endless grada- 
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tions of quality, from the rasping scrape of the 
beginner up to the smooth and superb tone of a 
Joachim (or, as I ought rather to say, the Joachim). 
A precisely similar remark applies to wind instru- 
ments; the differences, for example, between first- 
rate and inferior playing on the hautbois, bassoon, 
horn, or trumpet, being perfectly obvious to every 
musical ear. 

In the next chapter we will discuss the quality 
and essential mechanism of the principal musical in- 
struments, among which the pianoforte will receive 
an amount of attention proportionate to its popu- 
larity and general use. We begin with the elemen- 
tary tones of which all composite soimds are made 
up. 



CHAPTER V. 

ON THE ESSENTIAL MECHANISM OF THE PEINCIPAL MUSICAL 
INSTRUMENTS, CONSIDEEED IN REFEEENOE TO QUALITY. 

1. Sounds of tuning-forks^ 

48. Wlien a vibrating tuning-fork is held to 
the ear, we perceive, beside the proper note of the 
fork, a shrill, ringing, and usually rather discordant, 
sound. If however the fork is mounted on its 
resonance-box, as in Fig. 24, p. 79, the fondamental 
tone is so much strengthened that the other is 
by comparison faint, and the sound heard may be 
regarded as practically a simple tone. It is charac- 
terised by extreme mildness, without a trace of 
anything which could be called harsh or piercLug. 
As compared with a pianoforte note of the same 
pitch, the fork-tone is wanting in richness and 
vivacity, and produces an impression of greater 
depth, so that one is at first inclined to think the 
pianoforte note corresponding to it must be an 
octave lower than is actually the case. It follows 
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immediately from the general theory of the nature 
of quality, that simple tones can differ only in pitch 
and intensity. Accordingly, we find that tuning- 
forks of the same pitch, mounted on resonance-boxes 
and set vibrating by a resined fiddle-bow, exhibit, 
however various iheir forms and sizes, differences of 
loudness only. When made to sound with equal 
intensity by suitable bowing, their tones are abso- 
lutely undistinguishable from each other. 

2. Sounds of vibrating strings. 

49. Soimding strings vibrate so rapidly that 
their movements cannot be followed directly by the 
eye. It will be well, therefore, that we should 
examine how the slower and more easily controllable 
vibrations of non-sounding strings are performed, 
before treating the proper subject of this section. 
Take a flexible caoutchouc tube, ten or fifteen feet 
long, and fasten its ends to two fixed objects, so 
that the tube is loosely stretched between them. 
The tube can be set in regular vibration by impress- 
ing a swaying movement upon; it with the fingers 
near one extremity, in suitable time. According to 
the rapidity of the motion thus communicated, the 
tube will take up different forms of vibration. The 
simplest of these is shown in Fig. 26. A and B 
being its fixed extremities, the tube vibrates as a 
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whole, between the two extreme positions AaB and 
AhB. 



Ttg.se 




The tube may also vibrate in the form shown in 
Fig. 27, where AabB and AcdB are its extreme 
positions. 

Fig,Zl 




In this instance the middle point of the tube, 
(7, remains at rest, the loops on either side of 
it moving independently, as though the tube were 
fastened at (7, as well as at -4 and B. For this 
reason the point C is called a nodey from the Latin 
nodus, a knot. 

Fig. 28 shows a form of vibration with two nodes, 




at C and D, dividing the distance AB into three 
equal parts. The portions of the tube A C, CD, DB 
vibrate independently of each other, forming what 
are called ventral segments. We may also obtain 
forms with three, four, five, &c., nodes, dividing the 
T. 7 
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tube into four, five, six, &c., equal ventral segments, 
respectively. The stiffiiess of very short portions of 
the tube alone imposes a limit on the subdividing 
process. Let us examine the mechanical causes to 
which these eflfects are due, 

50. If w^ unfasten one end of the tube, and, hold- 
ing it in the hand as in Fig. 29, raise a hump upon 
it, by moving the hand suddenly through a small 

: jtj-, 




distance, the hump will run along the tube until it 
reaches its fixed extremity B\ it wiU then be reflected 
and run back to -4, where it wiU undergo a second 
reflection, and so on. At each reflection the hump 
mil have its convexity reversed. Thus, if while tra- 
velling from A towards B its form was that of a, 
Fig. 30, on its return it will have the form 6. After 






B 
B 



reflection at u4, it will resxune its first form a, and so 
on. Now, instead of a single jerk, let the hand hold- 
ing the firee end execute a series of equal continuous 
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vibrations. Eacli complete X^ibration will toUse a 
wave cib Fig, 31, consisting of crest &, and trough a, 

h 

B 

KZl 





to pass along the tube from A to jB, where reflection 
will turn crest into trough and trough into crest; 
so that the wave will return from B io A stem 
foremost. Next let the tube be again fastened at 
both ends, as before, and the vibrations of the hand 
impressed at some intermediate point, as (7, Fig. 32. 

Pi^. 82. 



Two sets of waves will now start from C in the 
directions of the arrows. They will be reflected at A 
and B, and then their effects intermingled. We will 
suppose that the tube has been set in steady motion, 
and, the hand being removed, continues its vibrations 
without any external force acting on it. Two sets of 
equal waves are now moving with equal velocities 
from A towards B and from B towards -4, and we 
have to determine their joint effect in fixing the form 
of vibration in which the tube swings. 

Suppose that a crest a, Fig. 33, moving from A 
towards jB, meets an equal trough &, moving from B 
towards A^ at the point c. The point c is now 

7-2 
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solicited by a and h in opposite directions and witti 
equal energy, and therefore remains at rest. The 
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two opposite pulses then proceed to cross each other, 
but, as a moves to the right and h to the left with 
equal speed, there is nothing to give either of them 
an influence upon the point c, where they first met, 
superior to that exercised in the contrary direction 
by the other. Thus c remains at rest under their 
joint influence, and a node is therefore formed at that 
point. If a trough had been moving from A towards 
£, and an equal crest from B towards A, the effect 
would clearly have been the same. 

A node must therefore be formed at every point 
where tivo equal and opposite pulses, a crest and a 
trough, Tneet each other. 

51. The annexed figure represents two series of 
equal waves advancing in opposite directions with 
equal velocities. The moment chosen is that at 
which crest coincides with crest and trough with 
trough. The joint effect thus produced does not ap- 
pear in the figure, our object at present being merely 
to determine the number and positions of the result- 
ing nodes. For the sake of clearness, one set of waves 
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is represented slightly below the other, though, in 
fact, the two are strictly coincident. 



A* 




Let the waves ahdf,..z be moving from left to 

right, the waves zfs'n\^.a from right to left. The 

crest klm meets the trough pnm at m. After these 

have crossed each other, the trough ghh and the crest 

rq'p will also meet at m, since hm and pm are equal 

distances. Similarly the crest efg and the trough 

ts'r win meet at m. Accordingly the point m is a 

node, and, by exactly the same reasoning, so are a, c, 

6, g, h, p, r, t, Sec. The distances between pairs of 
consecutive nodes are all equal, eaxjh being a single 

pulse-length, i. e. half a wave-length, of either series. 

Two pulse-lengths, as gh and km, give three nodes 
g, h, and m ; three pulse-lengths four nodes, and so on. 
There is thus always one node in excess of the num- 
ber of pulses. On the other hand, the fixed ends of 
the tube, which are the origins of the systems of re- 
flected waves, occupy two of these nodes. Deducting 
them we arrive at this result. 

Tlie number of nodes is one less than the number 
of the pulse-leiigths {or half wave-lengths), which 
together make up the length of the vibrating tube. 
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52. We will now ascertain how the portions of 
the tube between consecutive nodes move imder the 

Tig. 3S. 




action of the two systems of waves passing along it. 
Let AB^ Fig. 35, be the fixed ends, as before, and 
let us take five nodes at the points 1, 2, 3, 4, 5. 
In (1), the systems of waves coincide, accordingly 
each point of the tube is displaced through twice 
as great a distance as if it had been acted on by 
only one system. The tube thus takes the form 
indicated by the strong line in the figure. In (2), 
one set of waves has moved half a pulse-length to 
the right, and the other the same distance to the 
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left. The two systems axe now in complete oppo- 
sition at every point, and tlie tube is, therefore, 
momentarily in its undisturbed position. In (3), each 
system has moved through a pulse-length, and the 
combined eflfect is again produced on the tube, 
but in the opposite direction to that of (1). 
In (4), where the systems have moved through 
a pulse-length and a half, the tube ^ parses again 
through its undisturbed position, and, in (5), regains 
the position it occupied in (1), the systems of waves, 
meanwhile, having each traversed two pulse-lengths, 
or one wave-length. Thus the tube executes one 
complete vibration in the time occupied by a pulse 
in passing along a length of the tube equal to twice 
one of its own ventral segments. In other words, the 
tube's rate of vibration varies as the number of seg- 
ments into which it is divided. It moves most slowly 
in the form shown in Fig. 26 with but a single seg- 
ment ; twice as fast in that of Fig. 27, when divided 
into two segments ; three times as fast with three 
segments, and so on. It is easy to confirm this by 
direct experiment, the swaying movement of the 
hand on the tube needing to be twice as rapid for a 
form of vibration with two segments as for a form 
with one, and so on. 

53. Instead of comparing the different rates at 
which the same tube vibrates, when divided into 
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different numbers of ventral segments, we may com- 
pare the rates of vibration of tubes of different 
lengths, divided into the same number of segments. 
Let us take as an example the two tubes AB, 
CD^ Fig. 36, each divided by three nodes into four 

ill 1 1 J s 
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ventral segments. By what has been already shown, 
the time of vibration of either tube will be that 
which a pulse occupies in traversing two of its ven- 
tral segments. Therefore the time of vibration of 
AB wHl be to that of CD as A'2 is to (72, i e. as one 
half of AB is to one half of CD, or as AB is to CD. 
This reasoning is equally applicable to any other 
case. Accordingly we have the general result that, 
when tubes of different lengths are divided into the 
same number of ventral segments, their times of 
vibration are proportional to the lengths of the 
tubes, or, which comes to the same thing, their rates^ 
of vibration inversely proportional to their lengths. 
The reader should observe that it has been through- 
out this discussion assumed that the material, thick- 
nesSy and tension of the tube, or tubes, in question, 
were subject to no variation whatever. Any changes 
in these would correspondingly affect the rates of 
vibration produced. 
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54. We are now prepared to examine the motion 
of a sounding string. Its ends are fastened to fixed 
points of attacliment and the string is excited at 
some intermediate point, by plucking it with the 
finger, as in the harp and guitar, by striking it with 
a soft hammer, as in the pianoforte, or by stroking it 
with a resined bow, as in the violin and other instru- 
ments of the same class. The impulses thus set up 
are reflected at the extremities of the string (in the 
violin at the bridge and at the finger of the per- 
former) and behave towards each other exactly as 
in the case of the vibrating tube considered above. 
The results thus obtained are therefore directly 
applicable to the case before us. The string may 
vibrate in a single segment as in Fig. 26. This is 
the form of slowest vibration with a string of given 
length, material and tension. Accordingly, when 
thus vibrating, the string produces the deepest note 
of which, all other conditions remaining the same, 
it is capable. The string may also vibi:ate in the 
forms shown in Figs. 27, 28, 35, or in forms with 
larger numbers of segments. The rapidity of 
vibration in any one of these forms is, as we have 
seen [§ 52], proportional to the number of seg- 
ments formed, so that, with two segments, it vi- 
brates twice^ with three, thrice^ with four, four times ^ 
as fast as in the form with one segment. It follows 
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hence [§ 43] that the notes obtained by causing a 
string to vibrate successively in forms of vibration 
with 1, 2, 3, 4, 5 &c., segments are all partial-tones 
of one compound sound, the lowest being of course 
its ftmdamental-tone. 

The inodes of eliciting the sounds of stringed 
instruments described on p. 105 are not capable of 
setting up any one of the above forms of vibration hy 
itself i but cause several of them to be executed to- 
gether. The result is that each form of vibration 
called into existence sings, as it were, its own note, 
without heeding what is being done by its fellows. 
Accordingly, a certain number of tones belonging to 
one family of partial-tones are simultaneously heard. 

What precise members of the general series of 
partial-tones [p. 84] are present, and with what 
relative intensities, in the sound of a string set 
vibrating by a blow, depends on the position of the 
point at which the blow is delivered, on the nature 
of the striking-object, and on the material of the 
string. It is clear that a node can never be formed 
at the point of percussion. Therefore no partial- 
tone requiring for its production a node in that 
place can exist in the resulting sound* If, for in- 
stance, we excite the string exactly at its middle 
point, the forms of vibration with an even number of 
ventral segments, all of which have a node at the 
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centre of the string, are excluded, and only the odd 
partial-tones, Le. the 1st, 3rd, 5th, and so on, are 
heard. In this manner we can always prevent the 
formation of any assigned partial-tone, by choosing a 
suitable point of percussion. On the other hand, a 
vibration-form is in the most favourable position for 
development when the middle point of one of its 
ventral segments coincides with the point of per- 
cussion. The more nearly it occupies this position 
the louder will be the corresponding partial-tone, 
while the more it recedes from this position towards 
that in which one of its nodes falls on the point 
of percussion, the weaker will the partial-tone be- 
come. 

The form and material of the hammer, or other 
object with which the string is struck, have also a 
great influence in modifying the quality of the sound 
produced. Sharpness of edge and hardness of sub- 
stance tend to develope high and powerful over- 
tones, a rounded form and soft elastic substance 
to strengthen the fundamental-tone. The material 
of the string itself produces its effect chiefly by 
limiting the number of partial-tones. The stifihess ' 
of the string resists division into very short seg- 
ments, and this implies, for every string, a fixed 
limit beyond which further submission becomes im- 
possible; and where, therefore, the series of over- 
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tones is cut short. Hence very tliin mobile strings 
are favourable, thick weighty strings unfavourable, 
to the production of a large number of partial- tones. 
55. Having examined what determines the quality 
of the sound of a vibrating string, we have next to 
enquire on what its pitch depends. This term is 
indeed, strictly speaking, inappropriate to a compo- 
site sound containing a series of different tones, each 
having its own vibration-number and definite posi- 
tion in the musical scale. If, however, we use the 
phrase 'pitch of a sound' as equivalent to 'pitch of 
the fundamental tone of the sound,' we shall avoid 
any confusion arising from this circumstance. The 
pitch of a string-sound depends of course on the rate 
at which the string is vibrating. We have seen 
that, when the material thickness and tension of a 
string remain the same, its rate of vibration varies 
inversely as the length of the string. . Accordingly, 
the vihration-numher of a string-sound varies inversely 
a^ the length of the string. It follows hence that the 
numerical relations between the vibration-numbers 
of sounds forming given intervals with each other, 
hold equally for the lengths o£ the strings by which 
such sounds are produced. To verify this by experi- 
ment we have only to stretch a wire between two 
fixed points A and jB, and divide it into two seg- 
ments by applying the finger to it at some inter- 
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mediate point (7. li AC bears to GB any one of 
the simple numerical ratios exHbited in the table on 




-i B 



p. 66, we obtain the corresponding interval there 
given by alternately exciting the vibrations of the 
two segments at any pair of points in AC and CB 
respectively. Thus, if CB is twice as long as A (7, 
the sound produced by the former will be one octave 
lower than that produced by the latter. If ^4 (7 is to 
CB in the proportion of 2 to 3, AC'b sound will be 
a Fifth above CB's; and similarly in other cases. It 
was by experiments of this kind that the ancient 
Greek philosopher, Pythagoras, discovered the exist- 
ence of a connection between certain musical intervals 
and the ratios of certain small integers. He ascer- 
tained that an octave was produced by a wire divided 
• into two parts in the proportion of 2 to 1 ; that a 
Fifth was obtained by division in the proportion of 
3 to 2, and so forth. The relations existing between 
these lengths and the vibration-numbers of the notes 
produced by them were entirely unknown to Pytha- 
goras and his contemporaries ; indeed it was not 
until the seventeenth century that they were dis- 
covered by Galileo. 
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In instruments of the violin class, the pitch of 
the notes soimded varies with the position of the 
finger, on the vibrating string. The length of string 
intercepted between the fixed bridge and the finger 
admits of being altered at pleasure, and thus every 
shade of pitch can be produced from such instruments. 
The resined bow maintains the vibration of the string 
by alternately dragging it out of its position of rest, 
letting it fly back again, catching it once more, and 
so on. The hollow cavity of the instrument rein- 
forces the string-sound by resonance. The quality 
of instruments of the violin class is vivacious and 
piercing. The first eight partial tones are well 
represented in their clang, 

r 

The Pianoforte. 

56. In this instrument each wire is stretched 
between two pegs, which are fixed into a flat plate 
of wood called the sound-board. The string is fas- 
tened *to one peg, and coiled round 'the other, which 
admits of being turned about its own axis by means 
of a key of suitable construction. In this manner 
the string can be accurately tuned, since by tighten- 
ing or loosening the wire, we raise or lower its pitch 
at pleasure. In small instruments two^ in larger 
ones ihreey wires in imison with each other usually 
correspond to each note of the key-board. While 
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the instrument is not in action a series of small 
pieces of wood covered with list, called 'dampers/ 
rest upon the wires. These are connected with the 
key-:board in such a manner that, when a note is 
pressed down, the corresponding damper rises from 
its place, and the wires it previously covered remain 
free, until the note is allowed to spring up again, 
when the damper immediately sinks back into its 
original position. Each note is connected with an 
elastic hammer, which deals a blow to its own set of 
wires, and then springs back from them. The wires 
thus set in motion continue to vibrate until either 
the sound gradually dies away, or is abruptly extin- 
guished by the descent of the damper. The action 
of the two pedals is as follows : the soft pedal shifts 
the key-board and associated hammers in such a way 
that each hammer only acts on one of the wires 
corresponding to it, instead of on its complete set of 
two or three wires. The sound produced by striking 
a note is therefore proportionally weakened. The 
loud pedal lifts all the dampers off the wires at once. 
It thus not only allows notes to continue sounding 
after the finger of the player has quitted them, but 
places other wires than those actually struck in a 
position to sound by resonance. The number of 
wires thus brought into play by striking a single 
note of the instnmient will be easily seen to be con- 
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siderable. Suppose, first, that a simple-tone, e.g. 
that of a tuning-fork, is sounding near the wires of 
a pianoforte with the loud pedal dcnvn, its pitch being 

that of middle (7, a ^ ; the wires of the corre-^ 

spending note will of course resonate with it, vibrat- 
ing in the simplest form with only one ventral seg- 
ment. The wires of the note ^ ^ - one octave 

below it, are also capable of producing middle C 
when they vibrate in the form with two segments. 

So are those of ^^ , a Twelfth below it, when 

=^ rsE 



vibrating with three segments, those of =:==:, two 

octaves below it, vibrating with four segments, and 
so on. Proceeding in this way we determine a series 
of notes on the key-board of the pianoforte, the wires 
of which are able to produce a simple tone of the 
pitch of middle C. They obviously follow the same 
law as the harmonic overtones of a compound sound 
with middle C for its fundamental-tone, except that 
the successive intervals are reckoned downwards 
instead of upwards. The wires of all these notes 
will reinforce the tone of the tuning-fork by reso- 
nance. If now we remove the fork, and strike middle 
C on the pianoforte itself, we obtain, of course, a 
compound sound consisting of a number of simple 
tones. To each of these latter there corresponds a 
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descending series of notes on the key-board, com- 
naencing with that whose fundamental is in unison 
with the simple-tone in question. A full chord 
struck in the middle region of the instrument wiU, 
in this way, command the more or less active services 
of two or three times as many wires as have been set 
vibrating by direct percussion. The increase of loud^ 
ness thus secured is not very considerable, the eflfect 
being rather a heightened richness, like that of a 
mass of voices singing pianissimo. The actual inten- 
sity of the sound so heard may be less than could be 
produced by a quartett of solo singers, but it possesses 
a multitudinous character which the other lacks. The 
sustaining power of the loud pedal renders care in 
its employment essential. It should, as a general 
rule, be held down only so long as notes belonging to 
one and the same chord are struck. Whenever a 
change of harmony occurs, the pedal should be 
allowed to rise, in order that the descent of the 
dampers may at once extinguish the preceding chord. 
If this precaution is neglected, perfectly irreconcilable 
chords become promiscuously jumbled together, and 
a series of jarring discords ensue, which are nearly 
as distressing to the ear as the striking of actual 
wrong notes. The quality of pianoforte notes varies 
greatly in different parts of the scale. In the lower 
and middle region it is full and rich, the first six 
T. 8 
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partial-tones being audibly present, thougb 4, 5, 6 
are mucli weaker than 1, 2, 3. Towards the upper 
part of the instrument the higher partial-tones dis- 
appear, until in. the uppermost octave the notes are 
actually simple-tones, which accounts for their tame 
and xminteresting character. The pianoforte shares 
with all instruments of jSxed sounds certain serious 
defects, which will be discussed in detail in a subse- 
quent chapter. 

When a vibrating wire is passing through its 
undisturbed position, its tension is necessarily some- 
what less than at any other moment, since, in order 
to assume the curved segmental form, it must be a 
little elongated, which involves a corresponding in- 
crease of tension. Hence the two pegs by which the 
ends of a wire are attached to the sound-board are 
submitted to an additional strain twice during each 
complete segmental vibration. The sound-board, 
being purposely constructed of the most elastic wood, 
yields to the rhythmic impulses acting upon it, and 
is thrown into segmental vibrations like those of the 
wire. 

These vibrations are communicated to the air in 
contact with the sound-board, and then transmitted 
further, in the ordinary way. The amount of surface 
which a wire presents to the air is so small, that, but 
for the aid of the sound-board, its vibrations would 
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hardly excite an audible sound. The reader will not 
fail to notice that the sound-board of the pianoforte 
plays the same part as the hollow cavity of the 
violin, and is^j in feict, a solid resonator. In the 
harp, the framework of the instrument serves the 
same purpose. We have, in this combination of a 
vibration-exciting apparatus with a resonator, the 
type of construction adopted in nearly all musical 
instruments* 

3, Sounds of organ-pipes. 

57. It has been shown [§ 51] that, when two 
series of equal waves due to transverse vibrations, 
travel along a stretched wire, in opposite directions, 
stationary nodes are formed at equal distances along 
it, separated by vibrating segments of equal lengths. 
Let us now suppose that two series of equal waves 
due to longitudinal vibrations are traversing, in oppo- 
site directions, a column of air contained in a tube of 
imiform bore. Each set of such waves has its own 
associated wave-form [§ 18]. These will behave 
to each other precisely in the same way as the trans- 
verse waves of Fig. 35. We have only, therefor^ 
to consider the curves drawn in that figure as con>- 
stituting the associated waves for the longitudinal 
air-vibrations, in order to make the conclusions o^ 
§ 52 at once applicable to the case before us. Th^ 

8—2 
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result is a series of equidistant nodes, or points 
of permanent rest, distributed along the colunin 
of air. The intervening portions of air vibrate 
longitudinally at the same mte aa the corresponding 
ventral segments of Fig. 35. We have here, as in 
the case of the sounding wire, aU the conditions for 
the production of a musical note, of pitch correspond- 
ing to the rapidity of vibration obtained. It only- 
remains to show that, in the case of every organ- 
pipe, two sets of equal waves traverse in opposite 
directions the air-column which it contains. 

Organ pipes are of two kinds, called respectively 
'stopped' and ' open,'— ^epithets which, however, 
apply only to one end of the pipe ; the other is in 
both kinds open. 

To begin with the first variety. 



58. Let AB, Fig. 37, be the closed end of a 
stopped pipe, and let a series of pulses of condensa- 
tion and rarefaction be passing along the air within 
it, in the direction shown by the arrow. First let a 
pulse of condensation, CABD, have just reached AB. 
By Supposition, the air in AD is denser, and there- 
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fore at a higher pressure, than the air behind it. It 
will therefore expand. Forward motion being barred 
by AB^ the expansion must take place entirely in 
the opposite direction. Hence the pulse of conden- 
sation is reflected at the end of the pipe, and pro- 
ceeds to traverse its previous course in the reverse 
direction. Next, suppose CABD to be a pulse of 
rarefaction. The air in it is at a less pressure than 
that of the air behind it. Accordingly, it will be 
condensed between the pressure from behind and the 
resistance of the fixed obstacle in front. The con- 
densed pulse behind it will expand during the pro- 
cess and become itself rarefied. Thus a pulse of 
rarefaction, equally with one of condensation, is re- 
flected at the closed end of the pipe. Neither pulse 
suffers any other change except of direction of mo- 
tion. Since every pulse is thus regularly reflected 
at AB^ and made to travel back unchanged along 
the pipe, it follows that a system of equal waves 
advancing in the direction of the arrow is necessarily 
met by an exactly equal system proceeding in the 
opposite direction. For stopped pipes, therefore, 
the point required to be proved is made out. 

Let AB^ Fig. 38, be one end of an open pipe, 
along which condensed and rarefied pulses are being 
alternately transmitted in the direction of the arrow. 
First, let CABD be a pulse of condensation which 
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has just reached AB. The air in it is at a higher 
pressure than the outer air beyond ^jB, which is in the 



B^ 



ordmary a;tmospheric condition, neither condensed nor 
rarefied. Hence some of the advanced part of the ptilse 
CABD will escape into the open air. This exit will 
cease as soon as the air just in front of AB has 
been suflSciently condensed by its means. But, in 
the mean time, CABD has become rarefied by the 
escape of part of its air. Hence a rarefaction will 
travel back along the tube. 

Now, let CABD have been ori^naJly a rarefied 
pulse. It will be converted by the superior pressure 
of the air, both in front and rear, into a condensation, 
and in this condition start on its backward route. 

By the above reasoning^, which the student 
should careftdly compare with that of [^ 21], it is 
clear that reflection takes place at an open, as well 
as at a closed end of a pipe ; with this difierence 
however, that in the former case condensation is 
turned into rarefaction and rarefaction into conden- 

' I am indebted for this popular explanation of reflection at 
the open end of a pipe to Mr Coutts Trotter, Fellow and Tutor 
of Trinity College, Cambridge* 
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sation, so that the wave returns hind part before. 
We have thus established for an open pipe what was 
proved for a stopped one on p. 117. 

59. We will now examine what forms of seg- 
mental vibration the air in a stopped pipe can adopt. 
Every such form must necessarily have a node coin- 
cident with the closed end of the pipe, since no longi- 
tudinal vibrations are possible there. The impulses 
constituting the series of direct waves are not, as we 
shall see presently, originated, like those of a piano- 
forte string, at some intermediate point, but enter 
the pipe at its open end. This must therefore be a 
point of maximum vibration. Now a glance at Fig. 
35, shows that the maxima of vibration are at the 
middle points of the ventral segments. Hence the 
centre of a segment must coincide with the open end 
of the pipe. 

The above considerations suffice to solve the 
problem before us. If the closed end of the pipe is 
placed at A (Fig. 35); the open end must be midway 
between A and 1, or between 1 and 2, 2 and 3, 3 
and 4, and so on. No other forms of vibration are 
possible. 

Fig. 39 shows the air in a stopped pipe of 
given length vibrating in four such ways. The 
vertical lines indicate the positions of the nodes. 
For the sake of greater clearness, the loops of the 
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associated vibration-forms are in each case drawn 
in dotted lines. 
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In {A) we have half a segment; in {B) a segment 
and a half; in {C) two segments and a half; in (J>) 
three segments and a half. The numbers of seg- 
ments into which the length of the air-column is 
divided, in the four cases, are, therefore, proportional 

to 

i, 1^, 2|, and 3j, 

i.e. to \y I, |, and |, 

or to the whole numbers 1, 3, 5, and 7. 

Now by § 53 it appears that the rate of vibration 

in any form varies as the number of segments into 

which it is divided. The vibration-numbers of the 

sounds produced in the present instance are, therefore. 
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proportional to 1, 3, 5 and 7, i. e. we get the first 
four odd partial-tones of a sound of which {A) gives 
us the fundamental tone [§, 43]. The reasoning here 
adopted * evidently applies equally well to cases in 
which the air- column is subdivided to any assigned 
extent. It follows, therefore, that the notes obtain- 
able from a stopped pipe are all odd partial-tones 
belonging to one and the same clang. 

60. The case of the open pipe shall next be 
investigated. Here, as in the previous case, the end 
at which the direct pulses enter must be at the 
centre of a ventral segment. The considerations 
alleged on p. 118 indicate that the same thing must 
also hold good at the opposite orifice. 

Referring once more to Fig. 35, we obtain all the 
possible modes of vibration which satisfy both the 
above conditions by placing one end of the pipe mid- 
way between -4 and 1, and the other successively half 
way between 1 and 2, 2 and 3, 3 and 4, and so on. 
The first four of the cases thus obtained, for a tube 
of constant length, are shown in the next figure, 
which is drawn on precisely the same plan as Fig. 39. 

In each case, the two half segments at the ends 
of the pipe make up one whole segment. The num- 
bers of segments into which the air- column is divided 
are, therefore, in {A), 1 ; in {B), 2 ; in (C), 3 ; in 
(D), 4. The same law would obviously hold for 
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higher subdivisions. Hence, in the case of an open 
pipe^ the rates of all the possible modes of segmental 
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vibration are as the numbers 1, 2, 3, 4, 5, &c. The 
notes obtainable from such a pipe are, therefore, 
the complete series of partial-tones belonging to one 
and the same clang. 

61. If the slowest forms of vibration, shown at 
{A) in Figs. 39 and 40, are compared with each other, 
it will be at once seen that the vibrating segment of 
Fig. 39 is exactly twice as long as that of Fig. 40. 
Hence, the deepest tone obtainable from a stopped 
pipe is always precisely one octave lower than the 
gravest tone producible from an open pipe of the same 
length. It has been shown in § 39 that this result 
of theory is borne out by experiment. 
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62. In order to complete this investigation, it is 
necessary to determine the pitch of the lowest note 
which a pipe of given length is capable of uttering. 
By § 52 we know that a complete segmental vibra- 
tion is performed during the time occupied by a 
pulse in traversing twice the length of a single seg- 
ment. In {A) Fig. 39, this is equal io four times the 
length of the tube. The velocity of the pulse is here 
the velocity of Sound in air, which, under ordinary 
conditions of temperature, &c., we may put at 1125 
feet per second^. The vibration-number of a stopped 
pipe's lowest tone is therefore found by dividmg 
1125 by four times the length of the pipe expressed 
in feet. Conversely the length of a stopped pipe, 
which is to have as its deepest tone a note of given 
pitch, is found by dividing 1125 by four times the 
vibration-number of the note to be produced. The 
quotient gives the required length in feet. For 
example, middle C of the pianoforte makes 264 
vibrations per second. The required length in this 

case would be expressed by , which is rather 

more than 1 ft. -Jin., i.e. roughly speaking, one foot. 
An open pipe, to produce the same note, would there- 
fore have to be two feet in length. 

It has been just shown that the vibration-number 

' TjndallV Sound, p. 24. 
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of the lowest tone producible, either from a stopped 
or an open pipe, varies inversely as the length of the 
pipe. The length of the pipe therefore varies in- 
versely as the vibration-mimber. Hence the rela- 
tions established in § 55 for strings, hold also for 
columns of air contained in pipes. The case of the 
pipe-sounds is, however, somewhat simpler than that 
of the string-soimds, since the pitch of the latter 
depends on the tension of the strings as well as on 
their lengths, whereas, in the former, pitch depends, 
imder given atmospheric conditions, on length alone. 
Hence we may define a note of assigned pitch by 
merely stating the length of the stopped or open 
pipe, whose fundamental tone it is. The open-pipe 
is commonly preferred for this purpose, and accord- 
ingly organ builders caU middle C ' 2 foot tone ; ' the 
octave below it *4 foot tone,' and so on. The lowest 
C on modern pianofortes is * 1 6 foot tone ; ' that one 
octave lower, which is found only on the very largest 
organs, -32 foot tone.' The highest note of the 
pianoforte, usually A, w;ould be about '2 inch tone.' 

63. The reader should observe that, in the course 
of this discussion, we have incidentally obtained a 
more complete theory of resonance tlian could be 
given in chapter iii. When a tuning-fork Ls held at 
the orifice of a tube, the strongest resonance will be 
produced if the note of the fork coincides with the 
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fundamental tone of the tube. A decided, thougli 
less powerful, resonance ought also to ensue if the 
fork-note coincides with one of the higher tones of 
the tube, which, as we know, are all overtones of its 
fundamental. A resonance-box is only a stopped 
pipe under another name. We may therefore employ 
it to test the truth of our result, that the only tones 
obtainable from a stopped pipe are the odd partial- 
tones of a clang, of which the first is the fundamental 
tone. I possess a series of forks giving the first 
seven partial-tones of a clang. When I strike 1, 3, 
5 or 7, and hold them before the open end of the 
resonance-box corresponding to 1, a decided rein- 
forcement of their tones is heard. If I do the same 
with 2, 4, or 6, hardly any resonance is produced. 
Thus our theoretical result is experimentally verified. 

64. Organ pipes are divided into two classes 
according as the sounds, which they are to strengthen 
by resonance, are originated 

(1) by blowing against a sharp edge, 

(2) by blowing against an elastic tongue. 
Those of the first-class are called ^we-pipes ; those 

of the second class reec?-pipes. We will consider 
each class by itself. 

65. Flue-pipes. Here the wind is driven through 
a, narrow slit against a sharp edge placed exactly 
opposite to it, in the manner shown in Fig. 41, which 
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represents a vertical section of a portion of the pipe 
near the end at which its sound originates. 
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The air is forced by the bellows through the tube 
ahy into the chamber c, and escapes through the slit 
cZ, thus impinging against the edge e, where it pro- 
duces a sharp hissing sound which may be imitated 
^yy blowing with the mouth against a knife-edge held 
in front of it. This sound, as we shall see in the 
sequel, may be regarded as consisting of a great 
variety of notes of different pitcL Of these the 
pipe is able to reinforce, by the resonance of its 
air-column, such notes as coincide with its own 
essential tones. The quality of the sound thus 
resulting will, of course, depend on the number, 
orders and relative intensities of the partial-tones 
present in the clang heard. The original hissing 
Boimd contributes nothing directly to the whole 
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effect, being, with well constructed mechanism, in- 
audible except close to the pipe. 

Stopped wooden flue-pipes of large aperture, 
blown by only a light pressure of wind, produce 
sounds which are nearly simple tones; only a trace 
of partial-tone No. 3 being perceptible. Such tones, 
like the fork tones with which they are in fact 
almost identical, sound sweet and mild, but also 
tame and spiritless. A greater pressure of wind 
developes 3 distinctly, in addition to 1, and, if it 
becomes excessive, may spoil the quality by giving 
the overtone too great an intensity compared to that 
of the fundamental, or may even extinguish the 
latter altogether, and so cause the whole sound to 
jump up an octave and a Fifth. This result may 
easily be obtained by blowing with the mouth into a 
small 6-inch stopped pipe, which can easily be ob- 
tained at any organ factory. 

Stopped pipes of narrow aperture develope 5 
audibly, as well as 1 and 3. 

In the case of an open pipe the fundamental-tone 
is never produced by itself. According to the dimen- 
sions of the pipe, and the pressure of wind, it is 
accompanied by from two to five overtones. Open 
flue-pipes present, therefore, various degrees of timbre 
which are exhibited in the different * stops' of a large 
organ. 
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66. Reed-pipes. The apparatus by which the 
sounds of pipes of this class are originated is 
the following. One end of a thin narrow strip of 
elastic metal, called a * tongue/ is fastened to a 
brass plate, while the other end is free. A rect- 
angular aperture, very slightly larger than the 
tongue, is cut through the plate, so as to allow the 
tongue to oscillate into and out of the aperture, like 
a door with double hinges, without touching the 
edges of the aperture as it passes them. The accom- 
panying figure shows this piece of mechanism, which 
is called a *reed,' in its position of rest. 




It is set in motion by a current of air being driven 
against the free end of the tongue, which is thus 
made to swing between limiting positions as shown 
in the annexed sections. 



(A) ^-*» 





liii 



When the tongue occupies a position intermediate 
between that of (A) and its position of equilibrium, 
the air passes through the aperture in the direction 
indicated by the arrows in (A). At the moment that 
the tongue passes through its equilibrium position 
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towards ttat shown in {B), the current of air is barred: 
by the accuracy with which the tongue fits into the 
aperture beneath it. Only when the tongue again 
emerges can the air resume its passage. The reed 
thus produces a series of equal discontinuous impulse^ 
of air at equal intervals of time. The principle of the 
instrument is identical with that of the Syren, and 
it therefore gives rise to a regular musical sound. 
Its note is a highly composite clang, containing dis- 
tinctly recognizable partial-tones up to the 16th or 
20th of the series. Thus a reed does not require 
to be associated with a resonatiag column in order 
to produce a musical sound ; in fact the instrument 
called the harmonium consists of reeds without such 
adjuncts. The timbre of an independent reed is, 
however, characterised by too great intensity on the 
part of the higher partial-tones. It is desirable to 
correct this defect by strengthening the fimdamental- 
tone of the clang. This is done by placing the reed 
in the mouth of a pipe whose deepest tone coincides 
with the fundamental-tone of the reed-clang. This 
tone will then be most powerfully reinforced by 
resonance. The other partial-tones of the clang (the 
odd ones only in the case of a stopped pipe) wUl 
also be strengthened by resonance, but to a smaller 
and smaller extent as their order rises, The force 

required to throw a column of air into rapid vibra- 
T. 9 
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tion is greater than suffices to set up a slow vibra- 
tion. Hence, if two partial-tones in the reed-clang 
were exactly equally intense, the lower of them 
would cause a more powerful resonance than the 
higher. Since the force necessary to produce seg- 
mental vibration increases very rapidly, as the sub- 
divisions of the air-column become more numerous, the 
very high partial-tones of the reed-clang are practi- 
cally unsupported by the resonance of the associated 
pipe. It will be seen hereafter how the quality of 
the resulting sound is improved by this circumstance. 
It is clear that sounds differing widely in quality 
may be obtained by associatiug a reed with pipes of 
different lengths and • forms. If the pipe's funda- 
mental tone coincides with that of the reed-clang, in 
the case of a stopped pipe, only odd, in that of an 
open pipe, both odd and even, partial-tones are 
strengthened by resonance. If the fimdamental tone 
of the pipe coincides with one of the overtones of the 
reed-clang, the quality of the resulting sound is 
correspondingly affected. The ybrm of the pipe may 
also be modified, so as to be conical, or of any other 
shape, which will bring in other changes in its 
resonating properties. In these ways we have pro- 
vision for the great variety of quality among reed- 
pipes, which we find represented in organ stops of 
that class. 
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4. Sounds of orchestral wind-instruments and of 

the human voice* 

67* ThB Jlute is in principle identical with an 
open flue-pipe. The lips, and a hole near the end 
of the tube, play the parts of the narrow slit and 
opposing edge. The quality of the instrument is 
sweet, but too nearly simple to be heard during a 
long solo without becoming wearisome. Its most 
lovely effects are produced by contrast with the 
more brilliant timbre of its orchestral colleagues. 

The clarionet, hauibois and bassoon have wooden 
reeds. The clarionet has a stopped cylindrical tube, 
producing only odd partial-tones, whence its cha- 
racteristic quality. The hautbois and bassoon have 
conical tubes. 

In the horn and trumpet the lips of the per- 
formers supply the place of a reed. 

68. The apparatus of the humxin voice is essen- 
tially a reed (the vocal chords), associated with 
a resonance-cavity (the hollow of the mouth). 

The vocal chords are elastic bands, situated at 
the top of the wind-pipe, and separated by a narrow 
slit, which opens and closes again with great exact- 
ness, as air is forced through it from the lungs. 
The form and width of the slit allow of being quickly 
and extensively modified by the changing tension of 
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the yocal chords, and thus sounds widely diiBTering 
jfrom each other in pitch may be successively f)ro- 
duced with surprising rapidity. In this respect, 
the human * reed ' far exceeds any that we can arti- 
ficially construct. 

The size and shape of the cavity of the mouth 
may be altered by opening or closing the jaws, 
raising or dropping the tongue, and tightening or- 
loosenijig the lips. We should expect that these 
movements woiild not be without effect on' the reso- 
nance of the contained air, and such proves on 
experiment to be the fact. If we hold a vibrating 
tuning-fork close to the lips, and then modify, suc- 
cessively, the resonating cavity, in the ways above 
described, we shall find that it resounds most power- 
fully to the fork selected when the parts of the 
mouth are in one definite position. If we try a fork 
of different pitch, the attitude of the mouth, for the 
strongest resonance, is no longer the same. 

Hence, when the vocal chords have originated 
a reed-clang containing numerous well developed 
partial-tones, the mouth-cavity, by successively 
throwing itself into different postures, can favour 
by its resonance, first one partial-tone, then another ; 
at one moment this group of partial-tones, at another 
tJiat. In this manner endless varieties of quality 
•are rendered possible. The art of vocalizing consists 
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in so placing the resonating apparatus of the voice 
as to modify the clang due to the vocal chords in the 
way most attractive to the ear. 

The complete analysis of the sounds of the hu- 
man voice into their Separate partial-tones presents 
peculiar difficulties to the , unassisted ear, and can 
hardly be effected without the help of resonators 
such as those described in § 42, By their aid we can 
detect in the lower notes of a bass voice, when 
vigorously sung, shrill overtones reaching as feir as 
No. 1 6, which is four octaves above its fundamental- 
tone. Under certain conditions these high overtones 
can be readily heard without recourse to resonators. 
When a body of voices are sm^ug fortissimo without 
any instrumental accompaniment, a peculiar shrill 
tremulous sound is heard which is obviously far 
above the pitch of any note actually being sung. 
This sound is, to my ear, so intensely shrill and 
piercing as to be often quite painful. I have also 
observed it when listening • to the lower notes of an 
unusually fine contralto voice. The reason why 
these acute sounds are tremulous will be given later, 

69. We close this discussion by describing a 
mode of submitting Helmholtz's general theory of 
musical quality to a further, and very severe test, 

The Bounds of tuning-forks when mounted on 
their appropriate resonance-boxes are, as we know^ 
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very approximately simple tones. If, therefore, we 
allow a number of such sounds, coincident in pitch 
with the fundamental-tone, and with individual 
overtones, of one and the same clang, to be simul- 
taneously produced, the effect on the ear ought, if 
Helmholtz's theory is true, to be that of a single 
musical sound, not that of a series of independent 
tones. To try the experiment in the simplest form, 
take two mounted forks forming the interval of an 
octave, and cause them to utter their respective 
tones together. For a short time we are able to dis- 
tinguish the two notes as coming from separate 
instruments, but soon they blend into one sound, to 
which we assign the pitch of the lower fork, and a 
quality more brilliant than that of either. So strong 
is the illusion, that we can hardly believe the higher 
fork to be really still contributing its note, until 
we aacertam that placing a finger on its prongs at 
once changes the timbre, by reducing it to the dull, 
iminteresting quality of a simple tone. The character 
of a clang consisting of only one overtone and the 
fundamental, may be shown to admit of many dif- 
'ferent shades of quality, by suitably varying the 
relative intensities of the two fork-tones in this 
experiment. If we add a fork a Fifth above the 
higher of the first two, and therefore yielding the 
third partial-tone of the clang of which they form 
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the first and second, the three tones blend as per- 
fectly as the two did before ; the only difference 
perceptible being an additional increase of brilliancy. 
The experiment admits of being carried further with 
the same result. 

If we were able to produce by means of tuning- 
forks as many simple tones of the series on p. 84 as 
we pleased, and also to control at will their relative 
intensities, it would be possible to imitate, in this 
.manner, the varying timbre of every musical instru- 
ment. The unmanageable character of very high 
forks has as yet prevented this being done for sounds 
containing a very large number of powerful over- 
tones, but an apparatus on this principle has been 
devised by Professor Helmholtz,. which imitates, very 
successfully, sounds not involving more than the 
first six or eight partial-tones. His theory of quality 
is thus experimentally demonstrated, both analyti- 
cally and synthetically. We will examine in the 
next chapter some important theoretical considera- 
tions by which this theory is further elucidated and 
confirmed. 



CHAPTEE VI. 

« 

ON THE CONNECTION BETWEEN QUALITY AND MODE OF 

VIBRATION. 

70. It was stated on p. 71 that, when a pendu- 
lum performs oscillations whose extent is small com- 
pared to the length of the pendulum itself, the 
period of a vibration is the same for any extent of 
swing within this limit. We will apply this fact to 
prove that the prongs of a timing-fork vibrate in 
the same mode (§ 11) as does a pendulum. 

When a sustained simple tone is being trans- 
mitted by the air, we may regard it as originated 
by a tuning-fork of appropriate pitch and size. But 
we know experimentally that, by suitable bowing, 
we may elicit from such a fork tones of various de- 
grees of intensity, though having all the same pitch. 
Here, therefore, the extent of vibration varies, while 
the period remains constant, which is the pendulum- 
law. Accordingly th,e vibrations of a tuning-fork 
are identical, in mode, with those of a pendulum. 
The same tHng wiU hold good of the aerial vibra- 
tions to which those of a fork give rise. Hence, in 
general, a simple tone is due to vibrations executed 
according to the pendulum-law. 
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Such vibrations when performed longitudinally, 
will, therefore, give rise to waves of condensation 
and rarefaction whose associated wave-form is that 
drawn in Fig. 17 (a) p. 38. It will be convenient to 
call the vibrations to which a simple tone is due simple 
vibrations; and the associated waves simple waves* 
We proceed to examine the modes of vibration cor- 
responding to composite sounds. 

Let us, first, take the case of a sustained clang 
consisting of but two simple tones, the fundamental 
and its first overtone. A particle of air engaged in 
transmitting this sound is simultaneously acted upon 
by two sets of vibratory movements, and we have to 
investigate what its motion will be under their joint 
influence. In fact, the problem before us is the com- 
position of two simple vibrations. In order to solve 
it, we must employ a principle of Mechanics, called 
the " superposition of small motions," the nature of 
which can be illustrated experimentally as follows, 

71. Suppose a cork to be floating on the undis- 
turbed surface of a sheet of water into which two 
stones axe thrown at different points. From each 
origin of agitation concentric circular waves will 
spread out, and presently the cork will be influenced 
by both sets of disturbances at once. Either series 
of waves, if it acted separately on the cork, would 
cause it to execute a vibratory movement in a verti- 
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cal straight line. The mechanical principle which 
we are explaining asserts that the joint effect of the 
two sets on the cork will be exactly equal to the 
sum or difference of their separate effects, according 
as these are produced in the same, or in opposite 
directions. The accompanying figures show the four 
different cases which may arise. In each, a and h 
are the points which the cork, originally at rest at O 
in the level-line, would occupy, at the moment 
indicated in the figure, were it acted on by either 
set of waves alone ; c is its contemporaneous position 
under their joint action. 



(1) 



TlgAAt. 



(2) 





(3) 




(4) 




In (1), crest falls on crest ; in (2), trough on 
trough, and the displacement, OCy of the cork fi:om 
its position of rest, 0, is equal to the mm of the dis- 
placements due to the two crests separately, viz. Oa 
and Oh. In (3) and (4), where the crest of one 
wave meets the trough of another, Oc is equal to 
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the difference between Oa and Ob ; c being above or 
below the level-line, according as Oa is greater 
than 06, as in (3), or less than 06, as in (4). Thus, 
each wave produces its own full effect on the cork 
in its own direction, or, in other words, the motion 
due to one wave is * superposed ' on that due to the 
other. 

In order, then, to determine the form of the joint 
wave which results from the combination of two con- 
stituent waves, we have only to apply the above 
principle successively to points in the level-line which 
both sets of disturbances simultaneously affect. We 
thus obtain an assemblage of points constituting the 
joint wave required. 

In the instance now before us we proceed as 
follows. Let each simple tone be represented by its 
associated wave-system. Ascertain by the process 
just described to what joint form the combination of 
the two associated wave-systems lead. The result 
wiU be the associated system corresponding to the 
mode of particle-vibration to which the compound 
sound is due. 

72. Before, however, we can lay down the two 
tributary systems of waves, an important point re- 
mains to be settled. We will, for a moment, suppose 
that the two simple tones on which we are' engaged 
are originated and sustained by two tuning-forks. 
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situated as in the annexed figure, and that we are 
examining the transmission of their resulting clang 
along the dotted line with respect to which they are 
symmetrically situated. 



Let the forks have been set sounding by pre- 
cisely simultaneous blows. They will then commence 
swinging out of their positions of. rest in the same 
direction at the same instant^ The points in the 
associated wave-forms where a vibrating particle is 
jnomentarily in its position of rest, are those in which 
it cuts the level-line. Hence, in laying down the 
two tributary wave-systems along the same level-line, 
we must make them both cut that line in some one 
painty taking care that their convexities a.t that point 
are both turned the same way, as at 0, Fig. 46. 



In this case the two vibrations are said to start 
in the same phase. 

If the two forks are set in vibration at different 
paoments, they may not swing out of their equilibrium 
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positions in tHe same direction together. Heiice we 
no longer necessarily liave a point where both sets of 
waves cut the level-line. The result is of the kind 
shown in Fig. 47, where three different cases are 
represented. 

Here we have vibrations starting in different 
phases. 

It is clear from the figure that all phase- 
differences can be properly represented by merely 
causing the wave-systems engaged to assiune different 
positions upon the level-line, with reference to each 
other. The second and third cases are obtainable 
from the first by sliding the system of shorter waves 
bodily along the level-line, while the other system of 
waves retauis its position. 




By the help of the instrument mentioned on 
p. 135 Professor Helmholtz has demonstrated that, 
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when a number of partial-tones are independently 
produced, the clang into which they coalesce has the 
same quality , whatever differences of phxse may exist 
among the systems of simple vibrations to which the 
constituent partial-tones are due. Accordingly, we 
may expect to find that not one single wave-form, 
but many suchfo^'msy correspond to a sound of given 
quality and pitch. 

In Figs. 48, 49, 50, the associated wave-form cor- 
responding to our clang of two partial-tones (p. 137) 
is constructed for three degrees of phase-difiference. 
The simple constituent waves are shown in thin, the 
result of their composition in foil lines. In each 
case two complete wave-lengths of the latter are 
exhibited. 

Figs. 51 and 52 present two wave-forms drawn, 

in the same way, for a clang of constant pitch and 
quality containing the partial-tones 1, 2 and 3. 

The dissimilarity of form, and therefore of cor- 
responding particle-vibration, is, in both sets of 
figures, most marked. 

73. It has been shown that, by mere alteration of 
phase, a very great variety of resultant wave-forms can 
be obtained from two sets of simple waves of given 
lengths and amplitudes. Each one of these forms will 
give rise to a cycle of others, if we allow the relative 
amplitudes- of the constituent systems to be changed. 
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while keeping the difference of phase constant. If, 
therefore, we have at our disposal the systems of 
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simple waves corresponding to an unlimited number 
of partial-tones, and can assign to them any degrees 
of intensity and phase-difference that we choose, it is 
manifest that we may produce by their combination 
an endless series of different resulting wave-forms. 
On the other hand, it is not evident that, even out of 
this rich abundance of materials, we could build up 
every form of wave which could possibly be assigned. 
The French mathematician Fourier has, however, 
demonstrated that there is no form of wave which 
(unless itself simple) cannot b© compounded out of 
a number of simple waves, whose lengths are in- 
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versely as the numbers 1, 2, 3, 4, &c» He has fur- 
ther shown that each individual wave-form admits 
of being thus compounded in only one way^ and has 
provided the means of calculating, in any given case, 
how many, and what, members of the partial series 
will appear, their relative amplitudes and their 
differences of phase. 

When translated from the language of Mechanics 
into that of Acoustics, the theorem of Fourier asserts 
that every regular musical sound is resolvable into 
a definite number of simple tones . whose relative 
pitch follows the law of the partial-tone series. It 
thus supplies a theoretical basis for the analysis and 
synthesis of composite sounds which have been ex- 
perimentally effected in chapters iv. and v. 

When we are listening to a sustained clang, 
the air, at any one point within the orifice of the 
ear, can have only one definite mode of pa,rticle-vi- 
bration at any one moment. How does the ear 

* 

behave towards any such given vibration ? It pro- 
ceeds as follows. If the vibration is simple, it leaves 
it alone. If composite, it analyzes it into a series of 
simple vibrations whose rates are once, twice, three 
times &c. that of the given vibration, in accordance 
with Fourier's theorem. In the former event, the 
ear perceives only a simple tone. In the latter, it 
is able to recognize, by suitably directed and assisted 
T. 10 
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I 

efforts, paxtial-tones corresponding to the rate of 
each constituent into which it has analysed the com- 
posite vibration originally presented to it. The ear 
being deaf to differences of phase in partial-tones 
(p. 142), perceives no distinction between such modes 
of vibration as those exhibited on p. 143, but merely 
resolves them into the same single pair of partial- 
tones. Since, however, only one such resolution of 
a given vibration-mode is possible, the ear can never 
vary in the series of partial-tones to which it re- 
duces an assigned clang. 

The power possessed by the ear of thus singling 
out the constituent tones of a clang, and assigning 
to them their relative intensities, is unlike any cor- 
responding capacity of the eye. Take for instance 
the two curves shown in Figs. 51 and 52, and try 
to determine, by the eye alone, what simple waves, 
present with what amplitudes, must be superposed 
in order to reproduce those forms. The eye will 
be found absolutely to break down iii the attempt. 

We have seen that the loudness of a compo- 
site sound depends on extent of vibration, and its 
pitch on rate of vibration. There remains only one 
variable element, viz. mode of vibration, to account 
for the quality of the sound. From this conside- 
ration it follows that some connection must exist 
between the quality of a sound and the mode of 
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a^erial vibration to which the sound is due. Up to 
the time of Hehnholtz no advance had been made in 
clearing up the nature of this connection. It was 
reserved for him to show that, while no two sounds 
of different quality can correspond to the same mode 
of vibration, many different modes of vibration may 
yet give rise to a sound of only one degree of quality. 
In other words, mode of vibration determines quality, 
but quality does not determine mode of vibration. 



10—2 



CHAPTER VII. 

ON THE INTERFERENCE OF SOUND, AND ON 'BEATS'. 

74. In § 71 we examined the principle on whicli 
the problem of the composition of vibrations is gene- 
rally solved. We now approach certain very import- 
ant particular cases of that problem, which it will be 
worth while to solve both independently, and also as 
instances of the method repeatedly applied in § 72. 

Suppose that a particle of air is vibrating be- 
tween the extreme positions A and JB, under a 

A B 

sustained simple tone produced by a tuning-fork, 
or stopped flue-pipe. Now let a second instru- 
ment of the same kind be caused to emit a tone 
exactly in unison with the first. We will assume 
that, when the vibrations constituting the second 
tone fall on the particle, it is just on the poiut of 
starting from A towards jB, under the influence of 
those of the first. Two extreme cases are now possi- 
ble, depending on the movement which the particle 
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would have executed, had it been affected by the 
later-impressed vibration alone. First, suppose tJiat 
to be from A along the line AB^ either through a 

» 

greater or less distance than AB, back again to -4, 
and so on. Here the separate effects of the two sets 
of vibrations will be added together , the particle wiU, 
therefore, perform vibrations of larger extent than it 
would under either component separately. Next, 
suppose that, under the second set of vibrations 
alone, the particle would move from A in the opposite 
direction to its former course, Le. along BA pro- 
duced, shown by a dotted line in the figure. In 
this case the separate effects are absolutely antagon- 
istic ; accordingly the joint result is that due to the 
difference of its components. The particle wUl, 
therefore, execute less extensive vibrations than it 
would have done under the more powerful of the 
two components acting alone. 

The most striking^ result presents^ itself when the 
two systems of vibrations, besides being in complete 
opposition to each other, are also exactly equal in 
extent. In this case, the air-particle, being solicited 
with equal intensity in two diametrically opposite 
directions, remains at rest, the two systems of vibra- 
tions completely neutralizing each other's effect. In 
general, however, these systems, even when equal in 
extent of vibration, are neither in complete opposi- 
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tlon nor in complete accordance, but in an interme- 
diate attitude, bo as only partially to counteract, or 
support, each other. These conclusions admit of 
being exhibited in a more complete manner by 
means of associated waves. We have only to lay 
down the Edmple/ wave-forms correspondmg to the 
constituent vibrations, and superpose them as in 
§ 72. The reader wiU have noticed that the 
differences of relative motion described on p. 149 
are rarely phase-differences. 
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In Fig. 54, (1), (2), (3), we have two waves of 



VII. §75.] INTERFERENCE OF SOUND. 151 

unequal amplitudes in complete accordance, complete 
antagonism, and an intermediate condition respec- 
tively* In Fig. 55^ a case of equal and opposite 
waves is shown. In (1) Fig. 54, the resultant wave 
is the surrij and in (2) the difference of the compo- 
nent waves. In (3), we get a wave of intermediate 
amplitude. These three resulting waves are neces- 
sarily simple, as otherwise two simple tones in unison 
would give rise to a composite sound, which would 
be absurd. In Fig. 55 the wave-form degenerates 
iiato the level-line, i. e. no effect whatever occurs. 




75. Thus, when one simple tone is being heard, 
we by no means necessarily obtain an increase of 
loudness by exciting a second simple tone of the 
oame pitch. On the contrary, we may thus weaken 
the original sounds or even extinguish it entirely. 
When this occurs we have an instance of a phe- 
nomenon which goes by the name of Interferenx^e. 
That two sounds should produce absolute ssil^ce 
seems, at first sight, as absurd as that two loaves 
should be equivalent to no bread. This is, however^ 
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only because we axe accustomed to think of Sound as 
something with an external objective existence ; not 
as consisting merely in a state of motion of certam 
air-particles, and therefore liable, on the application 
of an opposite system of equal forces, to be absolutely 
annihilated. 

A single tuning-fork presents an example of this 
very important phenomenon. Each propg sets up 
vibrations corresponding to a simple tone, and the 
two notes so produced are of the same pitch and 
intensity. If the fork, after being struck, is held 
between the finger and thiunb, and made to re- 
volve slowly about its own axis, four positions of 
the fork with reference to the ear will be found 
where the tone completely goes out. These posi- 
tions are mid-way between the four in which the 
faces of the prongs are held flat before the ear. 
As the fork revolves from one of these positions 
of loud tone to that at right-angles to it, the 
sound gradually wanes, is extinguished in passing 
the Interference-position, reappears very feebly im- 
mediately afterwards, and then continues to gain 
strength untU its quarter of a revolution has been 
completed. 

76. The case of coexistent unisons has now been 
adequately examined : we proceed to enquire what 
happens when two simple tones differing slightly in 
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pitchy are simultaneously produced. The problem is, 
in fact, to compound two sets of pendulimi-vibrations 
whose periods are no longer exactly equal. Let us 
fix on a moment of time at wMch the two component 
vibrations simultaneously soliciting an assigned par- 
ticle of air are in complete accordance, and suppose 
that the particle, under their joint influence, is just 
corrmxencbg a vibration from left to right. It will 
be convenient to call this an outward^ and its 
opposite an inward swing. Since the periods of the 
two component vibrations are imequal, one of them 
will at once begin to gain on the other, and therefore, 
directly after the start, they will cease to be in com- 
plete accordance. It is easy to ascertain what their 
subsequent bearing towards each other will be, by 
considering two ordinary pendulums of unequal 
periods, both beginning an outward swing at the 
same instant. Let A be the slower, B the quicker 
pendulum. When A has just finished its outward 
swing, B will have abready turned back and per- 
formed a portion of its next inward swing. Thus, 
during each successive swing oi A, B will gain a 
certain distance upon it. When B has, in this 
manner, gained one whole swing, Le. half a complete 
oscillation, upon A, it will begin an inward swing at 
the moment when A is commencing an outward swing. 
The two vibrations are here, for the moment, in com-' 
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plete opposition. After another interval of equal 
length, By having gained another whole swing, will 
be one complete oscillation ahead of -4, and they will 
therefore start on the next outward swing together, 
i.e. the vibrations will be momentarily in complete 
accordance. Thus, during the time requisite to 
enable B to perform one entire oscillation more than 
Af there occur the following changes. Complete 
accordance of vibrations, lasting only for a single 
swing of the more rapid pendulum, followed by 
partial accordance, in its turn gradually giving way 
to discordance, which culminates in complete opposi- 
tion at the middle of the period, and then, during its 
latter half, gradually yields to returning accordance, 
which regains completeness jtist as the period closea. 
It follows from this, combined with what is said 
on p. 149, that in the case of two simple tones, we 
must hear a sound going through regularly recurring 
alternations of loudness in equal successive intervals 
of time, its greatest intensity exceeding, and its least 
intensity falling short of, that of the louder of the 
two tones. Each recurrence of the ma.ximum in- 
tensity is called a heat, and it is clear that exactly 
one such beat will be heard in each interval of time 
during which the acuter of the two simple tones 
performs one more vibration than the graver tone. 
Accordingly, the number of beats heard in. any 
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assigned time will be equal to the number pf com- 
plete vibrations which the one tone gains on the 
other in that time. We may express this result 
more briefly as follows : the number of heats per 
second due to two simple tones is equal to the difference 
of their respective vibration-numbers. 

*I7. By means of the associated wave-forms we 
can obtain a graphic representation of beats, which 
will probably be more directly intelligible than any 
verbal description. In Fig. 56, the constituent 
simple waves are laid down, and their resultant 
constructed, for the interval of a semi-tone. The 

vibration-fraction for this interval is :rz ] i- e. 16 

lo 

vibrations of the higher tone are performed in the 
«uno time a. 15 ^the lower. T^^e S^ .pre- 
sents completely the state of things from a maxi- 
mum of intensity to the adjacent minimum. The 
time during which this change occurs is one-half 
of that above-mentioned : accordingly the figure 
shows 8 and 7i wave-lengths of the respective sys- 
tema Thus half a beat is here pictorially repre- 
sented, the amplitude of the resultant waves steadily 
diminishing during this period. We have only to 
turn the figure upside down, to get a picture of 
what occurs in the next following equal period. 
The amplitudes here again increase, untU they 
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regain, their former proportions. One whole heat is 
thus accounted for* 
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In addition to the alternations of intensity wMch 
characterize beats, they also contain variations of 
pitch. The existence of such variations is both 
theoretically demonstrable and experimentally re- 
cognizable, but they are too minute to require ex- 
amination here^. 

78. The most direct way of studying the beats 
of simple tones experimentally is to take two unison 
tuning-forks and attach a small pellet of wax to the 
extremity of a prong of one of them. The fork so 
operated on becomes slightly heavier than before ; 
its vibrations are therefore proportionately retarded, 
and its pitch lowered. When hoih forks are struck 
and held to the ear beats are heard. These will be 
most distinct when the fork's tones are exactly 
equally loud, for in this case the minima of intensity 
will be equal to zero, and the beats wiU therefore be 
separated by intervals of absolute, though but mo- 
mentary, silence. The increase, in rapidity, of the 
beats, as the interval between the beating-tones 
widens, may be shown by gradually loading one of 
the forks more and more heavily with wax pellets, or 
by a small coin pressed upon them. If it is desired 

* The reader may, if he wishes to pursue this subject, refer to 
a paper, by the author, on * VariiUiona of Pitch in BeaUy in tlie 
PhUo8ophical Magazine for July, 1872, from which Fig. 56 has 
been copied. 
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to exMbit these phenomena to a large audience, the 
forks should first be mounted on their resonance- 
boxes, and, after the pellets have been attached, 
stroked with the resined bow, care being taken to 
produce tones as nearly as possible equal in intensity. 
Slow beats may also be obtained from any instru- 
ment capable of producing tones whose vibration- 
numbers differ by a sufficiently small amount. Thus, 
if the strings corresponding to a single note of 
the pianoforte are not strictly in imison, such beats 
are heard on striking the note. If the tuning is 
perfect, a wax pellet attached to one of the wires 
wiU lower its pitch sufficiently to produce the de- 
sired effect. Beats not too fast to be readily counted 
arise between adjacent notes in the lower octaves of 
the harmonium, or, still more conspicuously, in those 
of large organs. They are also frequently to be 
heard in the sounds of church bells, or in those 
emitted by the telegraph wires . when vibrating 
powerfully in a strong wind. In order to observe 
them in the last instance, it is best to press, one ear 
against a telegraph-post and close the other : the 
beats then come out with remarkable distinctness. 
It should be noticed that, when we are dealing with 
two composite sounds, several sets of beats may be 
heard at the same time, if pair^ pf partial-tones are 
in relative positions sidted to produce them. Thus, 
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suppose that two clangs coexist, each of which pos- 
sesses the first six partial-tones of the series audibly 
developed. Since the second, third, &c. partial-tones 
of each clang make twice, three times &c. as many 
vibrations per second as their respective fundamen- 
tals (p. 83), it follows that the difference between 
the vibration-numbers of the two second-tones will 
be twice, that between those of the two third-tones 
three times, &c. as great as the difference between 
the vibration-numbers of the two fundamentals. 
Accordingly, if the fundamental tones give rise to 
beats, we may hear, in addition to the series so 
accounted for, five other sets of beats, respectively 
twice, three, four, five, and six times as rapid as 
they. In order to determine the number of beats 
per second, for any such set, we need only multiply 
the nimiber of the fundamental beats by the order 
of the partial-tones concerned. The beats of two 
simple tones necessarily become more rapid if the 
higher tone be sharpened, or the lower flattened; 
i. e. if the interval they form with each other be 
widened. The beats may, however, also be accele- 
rated, without altering the interval, by merely placing 
it in a higher part of the scale. In this way greater 
vibration-numbers are obtained, and the difference 
of these is proportionally large, though their ratio 
to each other remains what it was before. Thus the 
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rapidity of the beats due to an assigned interval 
depends jointly on two circumstances, the width of 
the interval, and its position in the musical scale ; 
in other words, on both the relative and absolute pitch 
of the tones forming the given interval. 
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CHAPTER VIIL 



ON CONCORD AND DISCORD. 



79. A question of fundamental importance now 
presents itself, viz. What becomes of beats, when they 
are so rapid that they can no longer he separately 
perceived by the ear? In order to answer it, the 
best plan is to take two unison-forks, of medium 
pitch, mounted on their resonance-boxes, attach a 
small pellet of wax to a prong of one of them, and 
then gradtially increase the quantity of wax. At 
first very slow beats are heard, and as long as their 
number does not exceed four or five in a second, 
the ear can follow and coimt them without dilBSculty. 
As they become more rapid the difficulty of counting 
them augments, until at last they cannot be re- 
cognized as distinct strokes of sound. Even so, 
however, the ear retains the conviction that the 
sound it hears is a series of rapid alternations, and 
not a continuous tone. Its intermittent character i^ 

not lost, although the intermittances themselves pass 

11 



162 CA USE OF DISCORD. [VIH. § 79. 

by too rapidly for individual recognition. Exactly the 
same thing may be observed in the roll of a side 
drum^ which no one' is in danger of mistaking for 
a continuoiis soimd. 

Bapid beats produce a decidedly harsh and 
grating effect on the ear; and this is quite what 
the analogy of our other senses would lead us 
to expect. The disagreeable impressions excited 
in the organs of sight by a flickering unsteady 
light, and in those of touch by tickling or scratch- 
ing, are familiar to every one. The effect of rapid 
beats is, in fact, identical with the sensation to 
which we commonly attach the name of discord. 
Let us examine, in somewhat greater detail, the con- 
ditions necessary for its production between two 
simple-tones. If we take a pair of middle C unison 
forks, and gradually throw them more and more out 
of tune with each other in the way already described, 
the roughness due to their beats reaches its maximum 
when the interval between them is about a half- 
tone : for a whole tone, it is decidedly less marked, 
and when the interval amounts to a Minor Third, 
scarcely a trace of it remains. Hence, in order that 
dissonance may arise between two simple-tones, they 
must form with each other a narrower interval than 
a minor thiri K we call this interval the heating^ 
distance for two such tones, we may express the 
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above condition thus. Dissonance can arise directly 
between two simple tones, only when they are within 
heating-distance of one another. It follows at once 
from this that the amount of discord heard by no 
means exclusively depends on the rapidity of the 
beats produced, since the same interval will give 
rise to a very different number of beats per second 
according as it occupies a high or a low position in 
the scale. Nevertheless this circumstance exerts a 
considerable influence in modifying the intensity of 
the dissonance of given intervals, according to the 
absolute pitch of the tones which form them. Thus 
the beats of a whole tone, which, in low positions, 
are powerful and distinct, become less marked as we 
ascend in the scale, and in its highest portions prac- 
tically inaudible. Accordingly the beating-distance, 
which, for tones of medium pitch, we have roughly 
fixed at a Minor Third, must be supposed to contract 
somewhat for very high tones, while, for very low 
ones, it correspondingly expands. In " consequence 
of this, a difference of relative pitch, which, in the 
lower part of the scale produces beats so slow as not 
perceptibly to interfere with smoothness of unison, 
may, in its higher re^on cause a harsh dissonance. 
We have here the reason why the ear is more sensi- 
tive to slight variations of pitch in high than in low 
notes, and why, therefore, greater accuracy in tuning 

11—2 
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is essential to obtain a good unison effect from the 
former, than from the latter. 

The general partial-tone series consists of simple 
tones which, up to the seventh^ are mutually out of 
beating-distance : above the seventh they close in 
rapidly upon each other. In the neighbourhood of 
10, the interval between adjacent partial-tones is 
about a whole tone ; near 16, a semi-tone ; higher in 
the series they come to still closer quarters. These 
high partial-tones are therefore so situated as to 
produce harsh dissonances .with each other. Where 
they are strongly developed in a clang, there will 
therefore be a certain inevitable roughness in its 
timbre. This is the cause of the harsh quality of 
trumpet or trombone notes, and also of the shrill 
tremulous sounds sometimes observed in the human 

e ' 

voice (p, 133). In fact we may regard all the 
portion of the partial-tone series above the eighth 
tone as contributing mere noise to the clang. Thus 
a noise may, conversely, be regarded as due to 
many simple tones within beating distance of each 
other, 

80. It has been shown that, when two simple 
tones are simultaneously sustained, beats can arise 
directly between them only under one condition, 
viz. that the tones shall differ in pitch by less than 
a Minor Third, or thereabouts. Whqn^ however, the 



leK-^^x* ■^MW^^^— ga^s^^we^w^^— ^g^^»»^^y 



YlIL§80.] DISSONANCE OF TWO CLANGS. 165 

two co-existing sounds axe no longer simple tones, 
but composite clangs, each consisting of a series of 
well developed partial-tones, the case becomes alto- 
gether different. Let us examine the state of things 
which then presents itself. 

The soimds of most musical instruments do not 
contain more than the first six partial-tones ; we 
will, therefore, assume this to be the case with the 
clangs before us. No beats can then arise between 
partial-tones of the same clang for the reason as- 
signed on p. 164. Dissonance due to beats will, 
however, be produced if a partialrtone belonging 
to one clang is within the specified distance of a 
partial-tone belonging to the other clang. Several 
pairs of tones may be thus situated, and, if so, each 
will contribute its share of roughness to the general 
effect. The intensity of the roughness due to any 
such pair will depend chiefly on the respective 
orders to which the beating partial-tones belong, 
and on the interval between them. The lowest 
partial-tones being the loudest, produce the most 
powerful beats, and half-tone beats axe, in general, 
harsher than those of a whole tone. In determining 
the general effect of a combination of two clangs, we 
have to ascertain what pairs of partial-tones come 
within beating-distance, and to estimate the amount 
of roughness due to each pair. The sum of all these 
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rouglinesses^ if there axe several sucli pairs^ or the 
roughness of a single pair if there be but one, con- 
stitutes the dissonance of the combination. If there 
be no dissonance, the combination is described as 
a perfect concord. When dissonance is present, it 
will depend on its amount whether the combination 
is called an imperfect concord or a discord. The 
line separating the two must, of course, be somewhat 
arbitrarily drawn. 

81. Let Us examine the principal consonant 
intervals, in the manner above described, beginning 
with the octave. 



^ 






1^^ 
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The minims here represent the fundamental- 
tones ; the crotchets above them corresponding over- 
tones. Those belonging to the higher clang are 
only written down as far as the third, since the 
fourth, fifth, and sixth have no corresponding tones 
of the lower clang disposable with which to form 
beating pairs. As long as the tuning is perfect 
each partial-tone of the higher clang coincides exactly 
with one belonging to the lower. No dissonance can 
consequently occur, and the combination is a per- 
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OCTAVE, 



16T 



feet coneord. But, suppose the higher C7 to be 
out of tune : each of its partial tones will be corr 
respondingly too sharp or too flat, and three sets of 
beats will be heard between the partial-tones 2 — 1, 
4 — 2, and 6 — 3. When the higher C is as ^uch as 
a semi-tone wrong, the result is 




The pair 2 — 1 is of the most importance, and gives 
in each case sixteen heats per second. The two others 
give respectively 32 and 48 beats per second, A 
semi-tone corresponds to about maximum roughness 
in the middle region of the scale, so that we have 
before us an exceedingly harsh discord. As the pitch 
of the higher note is gradually corrected, the rapidity 
of the beats diminishes, but the tuning must be 
extremely accurate to make them entirely vanish. 
If the note makes but one vibration per second too 
many, or too few, which corresponds to a difference 
in pitch of only about a thirtieth part of a whole 
tone, the defect of tuning makes itself felt by three 
sets of beats, of 1, 2, and 3 per second respectively. 
The tunist must keep slightly altering the pitch 
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imtil he at length hits on that whicli completely 
extinguishes the beats. We saw in an earliei* part 
of this inquiry (p. 63) that, when two sounds form 
with each other the interval of an octave, their vibra- 
tion-numbers must be in the ratio of 2 1 1« Long 
after it had been experimentally ascertained that 
rigorous compliance with this arithmetical condi- 
tion was essential for securing a perfectly smooth 
octave, the reason for this Necessity remained 
entirely unknown, and . nothing but the vaguest 
and most ^nciful suggesiiom were offered to 
account for it— such as, for instance, that "the 
human mind deUghts in simple numerical relations." 
This attempt at explanation overlooked the obvious 
fact that many people who knew nothing either 
about vibrations or the delights of simple numerical 
relations, could tell a perfect octave from an im- 
perfect one a great deal better than the majority 
of men of science. The true explanation, which it 
was left for Helmholtz to discover, lies in the fact, 
that only by exactly satisfying the assigned nume- 
rical rdaiion, can the partial-tones of the higher 
clang he brought into eocact coincidence with partiaU 
tones of the lower, and thus all beats and conse- 
quent dissonance prevented. 

82, No narrower interval than an octave can be 
found which gives an absolutely perfect concord. 
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The nearest appr6acli to such a concord is the 
Fifth. 




Here we get two pairs of coincidences 3 — 2 and 
6 — 4, but a certain roughness is caused by 3 of the 
higher clang being within beating-distance of both 
4 and 5 of the lower clang. The tuning must be 
perfectly accurate, this interval being closely bounded 
by harsh discords* The result of an error of a semi- 
tone is as follows : — 




For every single vibration per second by which 
the higher clang is out, there will be two beats per 
second from the pair 3 — 2 v^ith others of greater 
rapidity, but less intensity, from the higher pairs. 
The result, for the Fifth, is, therefore, that, however 
accurately tuned, it involves an appreciable rough- 
ness. It is true that since 4 and 5 are generally 
weak, and the beating intervals are whole tones. 
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the roughness wiill be very slight: still the trace of 
dissonance due to it prevents our classing the Fifth 
as an interval quite equally smooth with the octave. 
83. For the Fourth we have 
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The amount of dissonance is greater than in the 
case of the Fifth, since 3 and 2 are usually hoth 
powerful tones, and produce therefore louder beats 
than those of 4 — 3 and 5 — 3. There are, in addi- 
tion, the heating pairs 6 — 4 and 6 — 5. Moreover 
the first pair of coincident or partial tones, 4 — 3, are, 
in general, weaker than the beating pair below them, 
3 — 2. The Fourth is bounded only on one side by 
a harsh discord. If its upper clang is half a note too 
sharp, We have the interval C — F^^ which is treated 
in the last figure but one. Slight flattening of the F 
will set the pair 4 — '3 beating slowly ; the dkappeai^ 
ance of their beats thus secures the accurate tuning 
of the interval. On the other hand, lowering F 
weakens the beats of 3 — 2, by widening the dis- 
tance between those tones, and, therefore, tends 
to lessen the whole amount of roughness. These 
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considerations go far to explain the fact that a long 
dispute runs through the histojy of music, as to 
whether the Fourth ought to be treated as a concord 
or as a discord. The decision ultimately arrived at 
in favour of the first of these alternatives was 
perhaps, as Helmholtz suggests, due more to the fact 
that the Fourth is the inversion of the Fifth, than to 
the inherent smoothness of the former interval. 

84. Next come the intervals of the Major Third 
and Major Sixth, which shall be taken together, as 
they are very nearly equally consonant. 




The dissonance due to the pair 3 — 2, separated by 
a tone in the Sixth, is perhaps, about equal to 
that of the weaker pair 4 — 3, which are only a 
semi-tone apart, in the Third. The definition of 
these intervals depending, as it does (in both) on 
the fifth tone of the lower clang, will in general be 
but feebly marked. 

85. The last remaining intervals, less than an 
octave, which rank as concords, are those of the 
Minor Third and Minor Sixth. 

Each contains strong elements of dissonance; in 
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fact, we axe here neax tlie boundary line between con- 
cord and discord. As regards sharpness of definition. 




the tones 6 and 5, on which it depends in the first 
of the two intervals, are, in the sounds of most 
instruments, weak or even entirely absent, while 
for the second interval the series of partial-tones 
must be extended as far as the 8th of the lower 
clang in order to reach the first coincident pair. 
Accordingly the Minor Sixth can hardly be said to 
be defined at ally for clangs of ordinary quality, by 
coincidence of partial-tones. Its powerful beating 
pair 3 — 2, separated by the interval of greatest 
dissonance, a semi-tone, makes it the roughest of all 
the concords. On the pianoforte, and other instru- 
ments with fixed tones, the same notes (CA b) which 
represent the Minor Sixth have also to do duty as 
one of the harshest discords, the Sharp Fifth, (CG^jf). 
The extremely defective consonance of the Minor 
Sixth could hardly be more conclusively shown than 
by the fact just mentioned. 

86. As regards the dissonant intervals of the 
scale, we have, in addition to those incidentally 
examined above, the semi-tone, tone, and Minor 
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Seventh. The first two need not be examined, since 
obviously each pair of corresponding overtones are 
brought vdthin the same beating intervak as the 
two fundamentals. The dissonance resulting is, of 
course, harsher for the half than for the whole tone. 
The Minor Seventh is constituted thus : 






S£i.T^ 



1- 

It is the mildest of the discords, in fact, in actual 
smoothness it decidedly surpasses the Minor Sixth. 

87. In order that the reader may see at a glance 
the whole result of this somewhat laborious dificussion, 
we subjoin a graphical representation of the amount 
of dissonance contained in the several intervals 
of the scale. The figure is taken, with some slight 
alterations, from that given at p. 519 of Helmholtz's 
work. The intervals, reckoned from C7, are denoted 
by distances measured along the horizontal straight 
line. The dissonance for each interval is represented 
hj the vertical distance of the curved line from the 
corresponding point on the horizontal line. The cal- 
culations on which the curve is based were made by 
Helmholtz for two constituent clangs of the quality 
of the violin. For pianoforte sounds the form of 
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the curve would be slightly diflferent; for those of 
stopped organ-pipes, &c. very different indeed. 



jpi0.sr. 




The figure indicates the sharpness of definition 
of an interval by the steepness with which the curve 
ascends in its vicinity. If we regarded the outline 
as that of a mountain-chain, the discords would be 
represented by peakSy and the concords by passes. 
The lowness and narrowness of a particular pass 
would measure the smoothness and definition of the 
corresponding musical interval. 

88. The theory of musical consonance and 
dissonance, our examination of which is now con- 
cluded, necessarily leads us to regard the distinc- 
tions between different concords laid down by theo- 
retical musicians as not in themselves absolute, but 
dependent on the quality of the sounds experimented 
upon. The results we have arrived at are generally 
true for soimds containing the first six partial-tones, 
but they will not apply, without modification, to 
clangs differently constituted. To take a case or 
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two in point. Suppose, for instance, we are dealing 
with sounds such as those of stopped organ-pipes 
which contain only odd partialr-tones (p. 121). It 
is at once clear from p. 169 that the interval of the 
Sharp Fourth C — jPt, which owes its dissonant charac- 
ter to the beating pairs 3 — 2, 4 — 3, and 6 — 4,. will 
become something quite different when the disso- 
nance due to all these pairs disappears, as it must do, 
since each of them contains at least one partial-tone 
of an even order. The Minor Sixth would also gain 
in smoothness in such a timbre, by the removal of the 
loudly discordant pair 3 — 2. 

Helmholtz has examined the case of a hautbois 
taking one note of an interval and a clarionet the 
other, and shown that some concords sound best 
when the former instrument plays the upper note 
and the latter the lower, while with others the 
reverse is the case. The hautbois produces the un- 
interrupted series of partial-tones, the clarionet only 
its odd members. Reference to p. 171 shows that, in 
the case of the Major Third, we can only get rid of the 
dissonant pair 4 — 3 by assigning the higher note to 
the hautbois. The Fourth, on the contrary, will be 
seen, by p. 170, to sound smoothest when the clarionet 
is above the hautbois, since by this arrangement we 
divorce the quarrelsome couple 3 — 2, whose bicker- 
ings win, in the opposite position, continue to be 
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heard. These conclusions, which experiment con- 
firms, are, I believe, in advance of any obtained 
empirically by musical theorists. Corresponding 
rules might easily be eHcited for other instruments. 

89. It is possible to draw from the general 
theory of consonance and dissonance an inference 
which seems, at first sight, fatal to the truth of 
the theory itself. "If," it may be said, **the 
difierence between a consonant and a dissonant 
interval depends entirely on the behaviour towards 
each other of certain pairs of overtones; then, in 
the case of sotmds like those of large stopped flue- 
pipes, where there are no overtones at ally the dis- 
tmction between concords and discords ought en- 
tirely to disappear, and the interval of a Seventh, 
for instance, to sound just as smooth as that of an 
octave. As this is notoriously not the fact, the theory 
cannot be true.'^'' 

In order to meet this objection, it will be necessary 
first to acquaint the reader with certain known expe- 
rimental fects which Helmholtz has dragged out of 
the obscurity in which they had lain for fully a 
century, and forced to deliver their testimony in 
favour of his theory. 

90. Let two tuning-forks of difierent pitch 
mounted on their respective resonance-boxes, and 
therefore producing simple tones, be thrown into 
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powerful vibration by the use of a resined fiddle- 
bow. With adequate attention, it is possible to 
recognize, in addition to the tones of the forks them- 
selves, certain new sounds, which usually differ in 
pitch from both the former ones. These tones, 
called, from the manner of their production, comhinan 
tion-tones, fall into two classes, with only one of 
which, discovered in 1740 by a German organist 
named Sorge, we need here concern ourselves. It 
consists of a series of tones called combination-* 
tones of the Jirst, second, third, dec., orders, of which 
the first is of the most importance, as it can be 
heard without difl&culty. Its pitch is determined by 
the following law. The comhination-tone of the first 
order of two simple primary-tones has for its vihra-* 
tion-numher the difference between the respective 
vihration-numhers of the primaries. Thus, e.g., 
if the two primaries make 200 and 300 vibrations 
per second, and therefore form a Fifth with each 
other, the first combination-tone will make 100 
vibrations per second, and, accordingly. He exactly 
one octave below the graver of the two prhnary 
tones. In this manner we can determine the com- 
bination-tones of the first order for pairs of simple 
primaries forming any given interval with each other. 
The following table, copied from Helmholtz's wprk, 
T. 12 
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shows the results for all the consonant intervals not 
exceeding one octave. 



InteiraL 


Vibration-ntia 


Differenoo. 

■ 


Depth of the Combination-tone 
below the graver primary. 


Octave 
Fifth 

Fourth 
Major Third 
Minor Third 
Major Sixth 
Minor Sixth 


1:2 

2 : 3 

3 ;4 

4 : 6 

5 : 6 
3 : 5 

5 : 8 


2 
3 


TTnison 

Octave 

Twelfth 

Two Octaves 

Two Octaves & Major Third 

Fifth 

Major Sixth 



In musical notation the same thing stands thus^ 
tte primaries being denoted by minims, and the 
combination-tones by crotchets. 
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Combination-tones are produced with remark- 
able distinctness by the harmonium. If the prima- 
ries shown in the treble stave are played on that 
instrument while the pressure of air in the bellows 
is vigorously sustained, the corresponding combina- 
nation-tones of the first order, written in the bass, 
come out with unmistakeable clearness. They are in 
fact much better heard thus than from tuning-forks. 
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Combinatioii'tones of the second oi^der may be 
treated as if they were first-order tones produced 
between one or other of the primaries and the com-» 
bination-tone of the first order. Similarly we may 
regard each combination-tone of the third order as due 
to a second-order tone, paired either with one of the 
primaries, with the first-order tone or with its own 
fellow of the second order. Successive subtraction 
will therefore enable us to determine the vibration- 
number of a combination-tone of any order from the 
vibration numbers of the two primaries. 

Gombination-tones grow rapidly feebler as their 
order becomes higher. Those of the, first order 
are usually distinct enough, and those of the second 
to be heard with a little trouble. The third order is 
only recognizable when entire stillness is secured, 
and the greatest attention paid. It is a moot point 
whether the fourth-order tones can be heard at all* 

91, We can now show that the existence of 
combination-tones prevents intervals formed by two 
simple tones from altogether lacking the characteristic 
difierences of consonance and dissonance, though 
those differences are far less marked than in the 
case of composite sounds. To begin with the octave. 
Let us suppose that we have two simple tones form- 
ing nearly this interval, but that the higher of then^ 

12—2 
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is a little sliarp, so that the octave is not strictlj 
in tune, is in fact slightly impure. Let the lower 
tone make 100, the higher 201, vibrations per second. 
They will give rise to a combination-tone making 101 
vibrations per second (p. 177), and this with the 
lower primary will produce one heat per second. If 
the higher primary had been flat, instead of sharp, 
making, say, 199 vibrations per second, we should 
have had 99, as combination-tone, giving rise, with 
100, to beats of the same rapidity as before. These 
beats cannot be got rid of except by making the 
vibration-ratio exactly 1:2, L e. the octave perfectly 
pure. The roughness must increase both when the 
interval widens and when it contracts, so that the 
octave, in simple tones, is a well-defined concord 
bounded on either side by decided discords. This 
result may be easily verified experimentally by taking 
two tuning-forks forming an octave with each other, 
and throwing the interval slightly out of time by 
causing a pellet of wax to adhere to a prong of one 
of them. On exciting the forks the beats wUl be 
distinctly heard. 

The octave is the only interval which is defined 
by the beats of a combination-tone of the first order 
with one of the primary tones. For the next 
smoothest concord, that of the Fifth, we are obliged 



^^ 
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to have recourse to the second order. Thus, pro- 
ceeding as in the case of the octave, we have 

Primaries 200 301 

C. T. of 1st order ^101 

. C. Ts. of 2nd order 99 200 

No. of beats per sec, 2 

The Fifth is, thus, a fairly well-defined consonance, 
though decidedly less sharply bounded than the oc- 
tave, owing to the feebleness of the C. T. of 2nd 
order. For the Fourth we have 

Primaries 300 401 

C. T. of 1st order 101 

C. Ts. of 2nd order 199 300 

C. Ts. of 3rd order 101 202 98 
No. of beats per sec, 3 

The 3rdTorder tone being excessively weak, the 
interval of a Fourth can scarcely be said to be de- 
fined at alL Still less can the remaining consonant 
intervals of the scale, by the evanescent beats of still 
higher orders of combination-tones. 

92. With simple-tones, then, the case stands 
thus. The intervals of a Second and a Major-Seventh 
are palpably dissonant, owing to the beats of the 
primaries, in the former, and of a first-order combi- 
nation-tone with a primary, in the latter. There is 
a certain amount of dissonance in intervals slightly 
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narrower 6r ^lightly "wider than a Fifth, but of a 
feebler kind than, in the case of the octave, inasmuch 
as it IS due to only a second-order combination-tone. 
Whatever dissonance may exist near the Fourth is 
practically imperceptible. All other intervals are 
free from dissonance. Accordingly all intervals from 
the Minor Third nearly up to the Fifth, and from a 
little above the Fifth up to the Major Seventh, 
QUght to Bound equally smooth. This conclusion is 
probably very inconsistent with the views of musical 
theorists, who regard concord and discord as entirely 
independent of quality, but it is strictly borne out by 
experiment. With the tones of tuning-forks the 
intervals lying between the Minor and Major Thirds, 
and between the Minor and Major Sixths, though 
sounding somewhat strange, are entirely free from 
rotlghhess, and, therefore, cannot be diescribed as 
dissonant. As a further verification of this feict, 
Helmholtz advises such of his readers as have access 
to ^n organ to try the effect of playing alternately 
the smoothest concords and the most extreme dis- 
cords which the musical scale contains, on stops, yield- 
ing cwaly simple-tones, such, e.g., as the flute, or 
stopped diapauon. The vivid contrasts which such a 
proceeding calls out on instruments of bright timbre, 
like the pianoforte and harmonium, or the more bril- 
liant stops of the organ, such as principal, hautbois. 
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trumpet, &c., are here blurred and effaced, and every •• 
thing sounds dull and inanimate, in consequence* 
Nothing can show more decisively than such an 
experiment that the presence of over-tones confers 
on music its most characteristic diarms. 

Thus the remark put into the mouth of a sup- 
posed objector in § 89 turns out to be no objection 
whatever to Helmholtz s theory of consonance and 
dissonance, but, so far as it represents actual facts, 
to be valid against the prevalent views of musical 
theorists, 

93. It may we well to advert briefly, in this 
place, to a point connected with combination-tones 
which may otherwise occur as a difficulty to the 
reader's mind. When two clangs coexist, combina- 
tion-tones are produced between every pair which 
can be formed of a tone from one clang with a tone 
from the other. These intrusive tones will usually 
be very numerous, and, for aught that appears, may 
interfere with those originally present, to such an 
extent as to render useless a theory based on the 
presence of partial-tones only. Helmholtz has re- 
moved any such apprehension, by showing that, in 
general, dissonance due to combination'tones produced 
between overtones, never exists except where it is 
already present by virtus of direct action among the 
overtones themselves^ Thus the only effect attri- 
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butable to this source is a somewhat increased 
roughness in all intervals except absolutely perfect 
concorda No modifications, therefore, have to be 
introduced, on this score, in the conclusions of 
§§ 81—86. 



CHAPTER IX. 



ON CONSONANT TBIADS, 



94. In the ensuing portion of tliis enquiry we 
shall have to make more frequent use than hitherto 
of vibration-fractions. It may, therefore, be well to 
explain the rules for their employment, in order 
that the student may acquire some facility in hand- 
ling them. The vibration-fraction of an assigned 
interval expresses the ratio of the numbers of 
vibrations performed in the same time by the two 
notes which form the interval. The particular 
length of time chosen is a matter of absolute in- 
difference. The upper note of an octave, for instance, 
vibrates twice as often as the lower does in any time 
we choose to select, be it an hour, a minute, a second, 
or a part of a second. It is often convenient to 
determine the vibration-fraction of an interval from 
the vibration-numbers of its constituent notes : iii 
such a case we choose one second as our time of 
comparison, and in this way vibration-fractions were 
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defined in § 34 : any bther standard is however equally 
legitimate, though, in general, less convenient. To 
illustrate these remarks on a particular case, the 
vibration-fraction ^ indicates that, while the lower 
of two notes forming a Major Third makes four 
vibrations, the higher of them ^lakes five. There- 
fore, while the lower makes one vibration, the higher 
makes |ths of a vibration, or 1 J vibrations. Con- 
versely, while the higher note makes one vibration, the 
lower makes f ths of a vibration. The same reason- 
ing b^g equally applicable to other cases, it follows 
that any fraction greater than unity denotes the 
number of vibrations, and fractions of a vibration, 
made by the higher of two notes forming a certain 
interval, while the lower note is making a single 
vibration. Similarly, any fraction less than imity 
indicates the proportion of a whole vibration per- 
formed by the lower note, while the upper is making 
one complete vibration. 

The rules for adding and subtracting intervals 
shall next be laid down. 

95. Suppose that, starting from a given note, 
a second note, a Fifth above it, is sounded, and 
then a third note, a Major Third above the seconds 
What will be the vibration-fraction of the interval 
formed by the first and third notes, i. e. of the sima 
of a Fifth and a Major Third I We will, for short-? 
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ness, call the three notes (l), (2), (3) in order of 
ascending pitch. The vibration-fractions being, for 
(1) — (2), f, and, for 2—3, |^, we proceed thus : 

While (2) makes 4 Tibrations, (3) makes 5 yibrationB. 
Therefore, while (2) makes 1 vibration, (3) makes { yibrations. 
Therefore, while (2) makes 3 yibrations, (3) makes 3x} yibrations. 

But while (2) makes 3 vibrations, (1) makes 2 vibrations. 
Therefore, while (1) makes 2 vibrations, (3) makes 3x| vibrations. 
Therefore, while (1) makes 1 vibration, (3) makes |x| vibmtions. 

Our result, then, is the two vihraiion-numhers 
multiplied together. The reasoning is perfectly ge- 
neral, and gives us the following rule. 

To Jind the vibration-fraction fot the sum of 
two intervals, multiply their separate vibration^ 
fractions together. 

96. Next, take the opposite case. Let (2) be 
a Major Third above (1), and (3) a Fifth above (1), 
and let the vibration-fraction for the interval (2) — (3) 
be required. 

While (1) makes 4 vibrations, (2) makes 5 vibrations. 
Therefore, while (1) makes 1 vibration, (2) makes f vibrations. 
But, while (1) makes 2 vibrations, (8) makes 3 vibrations. 
Therefore, while (1) makes 1 vibration, (3) makes ) vibrations. 
Hence, while (2) makes f vibrations, (3) makes ) vibrations. 
Therefore, while (2) makes ^ of a vibration, (3) makes )x} of a vibration. 
Therefore, while (2) makes 1 vibration, (3) makes |x} vibrations. 
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The result here is the quotient resulting from the 
division of the larger vibration-fraction hy the smaller: 
hence we have this general rule. 

To find (lie vibration fraction for the difference of 
two tntervaJs, divide the vibrationfraction of the 
wider by that of the narrower interval. 

Thus multiplication and division of vibration- 
fractions correspond to addition and subtraction of 
intervals^. 

97. One of the simplest cases of our second 
rule ocjcurs when an interval has to be inverted. 
The ' inversion ' of any assigned interval narrower 
than an octave is the dijBference between it and an 
octave, i e. the interval which remains after the 
first has been subtracted from an octave. Thus to 
find the vibration-number for the inversion of the 
Minor Third we merely have to divide 2 by |-, or 
in other words invert the vibrationfraction of the 
interval and multiply by 2. This applies to all cases. 
In the particular example selected, the result isf ; 
the inversion of the Minor Third is therefore the Major 
Sixth. The relation between ah interval and its 
inversion is obviously mutual, so that each may be 

^ By simply reducing the numerical results, obtained in §§ 95, 

96, the student will establish the following propositions : 

' A Major Third added to a Fifth produces a Major Seventh.' 

'A Major Third subtracted from a Fifth leaves a Minor 
ThinL' 
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described as tte inversion of the other. Accordingly 
the inversion of the Major Sixth is the Minor Third. 
The following table shows the three pairs of con- 
sonant intervals narrower than an octave, which 
stand to each other in the mutual relation of inver- 
sions. 

Minor Third (|)— Major Sixth (f) 
Major Third (|)— Minor Sixth (f ) 
Fourth (I)— Fifth (f ) 
The student is advised to verify, by the method 
of p. 188, the fact that each of these intervals is the 
inversion of that placed by its side. 

98. A combination of musical sounds of dijBferent 
pitch is called a 'chord.' Hitherto we have con- 
sidered only chords of two notes, or 'binary' chords. 
We now go on to chords of three notes, or, as they 
are usually called, 'triads.' A binary chord is, of 
course, consonant if its two notes form a consonant 
interval A triad contains three intervals, one be- 
tween its extreme notes, and one between the middle 
note and each of the other two. In order that the 
chord may be free from dissonance, those intervals 
must all three be concords. 

99. We may, then, search for consonant triads in 
the following manner. Having selected the lowest 
of the three notes at pleasure, choose two others, each 
of which forms with the bottom -noti a consonant 
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interval. Next, examine whether the interval formed 
by the last chosen notes with each other is also a 

concord. If so, the triad itself is consonant. In 

« 

order to determine all the consonant triads within an 
octave above the fixed bottom note, we must assign 
to the middle and top notes every possible consonant 
position with respect to the bottom note, and reject 
all such relative positions as give rise to dissonant 
intervals between those notes themselves. The re- 
maining positions will constitute all the consonant 
triads which have for their lowest note that ori- 
ginally selected. The intervals at our disposal are, 
for the middle note, from the Minor Third to the 
Minor Sixth, and, for the upper note, from the Major 
Third to the Major Sixth. 

In the annexed table ^ the possible positions of the 
middle note with respect to thebottom note, are shown 
in the left-hand vertical column, the name of each 
interval being accompanied by its vibration-fraction. 
The possible positions of the top note are similarly 
shown in the highest horizontal column. Each space 
common to a horizontal and a vertical column con- 
tains the vibration-fraction of the interval formed 
between the simultaneous positions of the middle 
and upper notes named at their extremities. Where 

' This table is copied wiih slight modifications from Helm- 
holta^s work* 
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these intervals are dissonant, their vibration-fractions 
are enclosed in square brackets. When they are 
concords the name of the interval is, in each case, 
appended. 



• 


Major Third 

i 


Fourth 


Fifth 
1 


Minor Sixth 
i 


Major Sixth 

, 4 


Minor Third 
* 


11 


3 

7 


Major Third 


1 

Fourth 


LvJ 


Major Third 

* 

i 




IH. 


t 

Minor Third 


(Hi 


1 
Fourth 


Fourth 
1 






• 


Minor Third 


i 

Major Third 


Fifth 






• 


ruj 


10 


Minor Sixth 

• 










M 



100. The following, then, are all the cases : 



Middle Note. 


Upper Note. 


Minor Third ~ 


Fifth, or Minor Sixth 


Major Third 


Fifth, or Major Sixth 


Fourth 


Minor Sixth, or Major Sixth 

• 
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or^ in musical notation^ 



They give us two groups of tliree major y and 
tliree minor, triads, which may be ajranged thus : 



Minor Sixth. , . /Major Sixth. 



Minor Third. 



wi 



Fourth. 



rFifth. 

^^) iMajor Third. ^^^ 

fFifth. /mP^J''^ ®^**^- fMinor Sixth. 

^""^ iMinor Third. ^ ^Major Third. ^^^ iFourth. 



101. Instead of defining our six consonant 

triads, as we have done, by the intervals formed by 

their middle and top notes with the bottom note, 

we may define them by the intervals separating the 

middle from the bottom note, and the top from the 

middle note. In order to make this change we have, 
in each case, a process of subtraction of intervals to 

perform. . Thus the difference between a Fifth and a 
Major Third is f x f , i. e. |^, or a Minor Third. 

Proceeding in this way, we find that the top and 
middle notes are separated by the following in- 
tervals : 



(a) 


(6) 


(") 


(«) 


(?) 


0) 




Minor Third 


Fourth 


Major Third 


Major Third 


Fourth 


Minor Third 


i 



IX. § 101.] INVERSION OF TRIADS. 19* 

Hence we may write our two groups as follows : 

rMinor Third. fFourth. jMajor Third. 

^^ ' {Major Third. ^ ^ iMinor Third. ^^ ^ iFourth. 

FourtL , ,^ [Minor Third. 

Fourth. 



rMajor Third, rFourtk f 

^ ' [Minor Third. ^ ^ IMajor Third. ^^ ^ I 



It will now be easy to show that the triads of 
each group are very closely connected together. 
Take (a ), and let us form another triad from it, by 
causing its bottom note to ascend one octave, the 
other two remaining where they were. The middle 
will then become the bottom note, the top the middle 
note, and the octave of the former bottom note the 
top note. Hence the lower interval of the new 
triad will be the upper interval of the old one, i.e. a 
Minor Third. The upper interval of the new triad 
will necessarily be the inversion of the interval which 
separated the eoctreme notes of the old triad. This 
interval is a Fifth [see (a), p. 192], and its inversion, 
by the table on p. 189, is a Fourth. Hence the new 

triad is <_ _. L. . . } which is identical with (6'). 
iMmor Third,] ^ 

If we modify (6') in the same way, the new 

interval is the inversion of the Minor Sixth, L e. 

the Major Third, and the resulting triad, viz. 

Major Third) . . 

Fourth i ^ identical with (c'). This triad, when 

T. 13 
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similarly treated, brings us back to (a'), and the cycle 
of changes is complete. By an extension of the 
word * inversion/ it is usual to call the triads (6') 
and (c') the first and second inversions of the triad 

Exactly similar relations hold between the mem- 
bers of the second group of triads : {^) and {y) 
are, accordingly, called the first and second inver- 
sions of the triad (a). The proof is exactly like 
that just given, and will be easily supplied by the 
reader. 

102. If we choose C as the bottom note of (of) 
and (a'), the major and minor groups will be ex- 
pressed in musical notation by 




iq: 



:S: 



-<©- 



land^fe^ 



SEO .^j ^g L/j ii^rxs 



« 



(a) (V) («') (a) 03) (7') 

They may also be defined in the language of 
Thorough Bass, which refers every chord to its lowest 
note, in accordance with the mode adopted in (a), (6), 
(c) ; (a), (i8), (y). Thus the triads (a'), (6'), (c') would 
be indicated by the figures I, g, I respectively, and 
so loould the triads (a) {^) (y) ; the diflferences be- 
tween Minor and Major Thirds and Sixths being left 
to be indicated by the key-signature. 

The positions (a ) and (a') are regarded as the 
fundamental ones of each group, (6') {c) and (jS^ (y') 



IX. § 103.] COMMON-CHORDS. 195 

being treated as derived from them respectively by 
inversion* 

103. The fundamental triads bear the name of 
their lowest notes, thus (a') and (a') are called 
respectively the major and minor common-chords 

of a 

The remaining members of each group are not 
named after their own lowest note, but after that 
of their fundamental inversion ; thus (V) (c ) and 
(^) (y) are respectively major and minor common- 
chords of C in their Jirst and second inversions. 

The reason of this, as far as the major group 
is concerned, follows, directly from Helmholtz's 
theory of consonance and dissonance. The notes of 
the triads (a ), (6'), (c) are all coincident with indivi- 
dual overtones of a clang whose fundamental-tone 



BE 



is the low (7, -~ H for (a') and {Vj, and the octave 



above that note for (c) : hence they may be regarded 
as forming a part of the clang of a (7-sound, and 
therefore each triad may be appropriately called by 
its name. With the Minor triads this is not so com- 
pletely true, because the E f^ in (a ), (^'), {y) is not 
coincident with an overtone of C. The other two 
notes, however, are in each case leading partial-tones 
of the clang of C, and therefore these triads belong 
at any rate more to C than to any other note. 

13—2 
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Common-chords of more than three constituent 
sounds can only be formed by adding to the con-^ 
sonant triads notes which are exact' octaves above or 
below those of the triads. 

104. The marked distinction existing, for every 
musical ear, between the bright open character of 
major, and the gloomy veiled effect of minor chords, 
is attributed by Helmholtz to the different way in 
which combination-tones enter in the two cases. 
The positions of the first-order combination-tones, for 
each of the six consonant triads, are shown in 
crotchets in the appended stave, the primaries being 
indicated by minims. Each interval gives rise to its 
own combination-tone, but, in the cases of the funda- 
mental position and second inversion of the (7-Major 
triad, two combination-tones happen to coincide. The 
reader will at once notice that in the jnajor group 
no note extraneous to the harmony is brought in by 
the combination-tones. In the minor group this is 
no longer the case. The ftmdamental position, and 
the first inversion, of the triad, both bring in an 
A b, which is foreign to the harmony, and the second 
inversion involves an additional extraneous note, B K 
The position of these adventitious sounds is not such 
as to produce dissonance y for which they are too far 
apart from each other and from the notes of the 
triad ; but they cloud the transparency of the har- 
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mony, and so give rise to the effects chaxacteristic of 
the minor mode. 

—4— J- 



i 



^ 



^^. 



t: — r 



^ 



J==g: 






afcfcr 

Lz£Efc: 






The imsatififying character of Minor, compared 
with Major, triads, comes out with peculiar distinct- 
njess on the harmonium; as indeed, from the powerful 
combination-tones of that instrument, we should 
naturally have anticipated. 



CHAPTER X. 

ON PUBE INTONATION AND TEMPERAMENT. 

105. The vibration-fractions of the intervals 
fonned by the successive notes of the Major scale 
with the tonic, are, including the octave of the tonic^ 
these ; i 

%9 h "39 f> Cj*) h V> 2. 
The intervals between successive notes of the scale 
are determined by dividing each of these fractions 
by that which precedes it. Thus the consecutive 
intervals of the Major scale come out as follows : 

CDJSFGABC 

I y if I V f ii 

Only three different intervals are obtained. | is 
slightly wider than \P; ^ decidedly narrower than 
the other two. f and \p are called whole tones, 
j^ a half-tone or semi-tone, though, strictly speak- 
ing, two intervals of this width ctdded together 
somewhat exceed the greater of the two whole 
tones ; since if x ^ or fff is to f in the ratio of 
2048 to 2025. 



A i^T&2 ' •,' ^" "' ■ J» "CrfJ tcT- ^ Kt-l^tCtr^ , 
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Suppose we had a keyed instrument containing 
a number of octaves, each divided into seven notes, 
forming the ordinary scale as above : any music 
could be played on it which did not introduce 
notes foreign to the key of O Major. But now, 
suppose we wanted to be able to play in another 
Major key as well as in that of (7, for instance G. 
It would be necessary for this purpose to introduce 
two new notes in every octave of the key-board. If 
G is the new tonic, A will not serve m the second 
of its scale, becailse the step between tonic and 
second is, not ^, but f . Hence we must have a 
fresh note lying between A and B. Further, F 
will not do for the seventh of the scale of (?, as it 
is separated from G by f , instead of ^. This 
necessitates a second additional note lying between 
F and (?. If we take, as our original octave, that 
from middle- (7 upwards, we have the following 
vibration-numbers : 

CDEFGABC 
264 297 330 352 396 440 495 528 
The new notes, being respectively f ahove^ and 
\^ below G, have for their vibration-numbers f x 396 
and Jf X 396, i.e. 445^ and 371 J. The other notes of 
the scale of G Major can be supplied from that of 
C Major. Hence these two scales are closely con- 
nected with each other. Another key nearly related 
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to the key of C is that oiF. Its Fourth is f x 352, 
or 469^, which &lls between A and B» Its Major 
Sixth is f X 352, or 586f ^ which is clearly not aii 
exact octave of any note between C and C\ The cor- 
responding note in our octave, found by division by 
2, is 293^, which comes between C and 2). Thus, 
two more new notes in the octave must be introduced, 
to make the key of F major attainable, 

106. In order that the reader may see, at a 
glance, the variety of soimds which are requisite 
to supply complete Major scales for the seven 
keys of C, 2>, E, F, G, A and JB, the vibration- 
numbers for all the notes of these scales are cal- 
culated out and exhibited in the following table. 

Reducing those notes which lie beyond the 



Tonic 


Second 


Major Third 


Fourth 


Fifth 


Major Sixth 


Major 
Seventh 


C, 264 


297 


330 


352 


396 


440 


495 


D, 297 


334J 


37U 


396 


445} 


495 


556} 


E, 330 


371i 


412} 


440 


495 


550 


618f 


F, 352 

• 


396 


440 


469J 


528 


586f 


660 


G, 396 


445} 


495 


528 


594 


660 


742J 


A, 440 


495 


550 


586$ 


660 


733} 


825 


B, 495 


556| 


6181 


660 


742} 


825 


9281 



tfH 
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octave, by dividing them by 2, and arranging the 
results in order of magnitude, we have twelve notes 
foreign to the scale of C Major, the positions of 
which, with reference to the notes of that scale, are 
as follows : 

(7, 275, 278323., 293^, 2), 309|, E, 334^, F, 366|, 371^, 
G, 412^, 417i, ^y 445^, 464^^^, 469-J, B. 
107- K it is desired to be able to play in the 
Minor mode of each of the seven keys, as well as 
in the Major ^ additional notes will be called for. 
Each scale must contain three Minor intervals, viz. 
Minor Third, Minor Sixth, and Minor Seventh, 
The following subsidiary table exhibits the vibration- 
numbers of the soxmds forming these intervak with 
the successive key-notes. 



Tonic 


Minor Third 


Minor Sixth 


Minor Seventh 


C, 264 


31 6i 


422} 


"469* 


D, 297 


3661 


475i 


528 


E, 330 


396 


628 


586f 


P, 352 


4221 


66S1 


6251^ 


G, 396 


476J 


633i 


704 


A, 440 


528 


704 


■ 782J , 


B, 495 


594 


792 


880 ' 

1 
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Reducing these to one octave, as before, we find 
seven notes not included in the previous list, oc- 
cupying the fonowing positions : 
C7, 281|, 2), 312^, 316f, E, F, 356|., 391^, G, 422f , 

A, mh B. 

108. Hence, to play perfectly in tune in both 
Major and Minor modes of the seven keys (7, D, E, 
F, G, Ay S, it IS necessary to have a key-board 
with twenty-six notes in every octave. This number, 
large as it is, by no means includes all necessary- 
notes. Modem music is written in sharp and Jlat 
keys, L 6. in such whose tonics are not coincident 
with any one of the notes CDF...B. Moreover, the 
sharp and flat key-notes are different &om each 
other. Thus G^, being a Major Third above F, is, 
as the first table shows, 412^ ; while -4 b is seen, by 
the second table, to be 422|-, which is a somewhat 
sharper note. As the seven keys which have been 
already examined require 26 notes in the octave, 
we may anticipate that the ten additional sharp 
and flat keys will bring in a still larger number. 
It is needless to institute a detailed enquiry into 
these scales, but, after what he has already seen, 
the student will feel no surprise when he learns that 
a competent authority^, who has examined the 

* Mr A. J. Ellis, Froceedinga of the Royal Society ^ VoL xul 
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subject most minutely in reference both to melodic 
and harmonic requisites, fixes 72 notes in the oc- 
tave as the number essential to theoretically com- 
plete command over all the keys used in modern 
music. 

109. Without, however, assuming this result, 
the facts we have already ourselves established are 
amply sufficient to show how serious are the imper- 
fections of tune which inevitably beset instruments 
with fixed tones, such as the pianoforte, harmo- 
nium and organ, containing only twdve nx)tes in 
each octave. Pure intonation in the * natural ' keys 
alone, L e. those whose tonics are white notes on the 
board, demands, as has been seen, more than twice 
this niunber of available sounds; and many more 
stiU, if the keys with tonics on the black notes are 
to be included. Perfect tuning in all the keys 
being entirely out of the question, a compromise of 
some kind is the only possible course. Thus we 
may tune a single key, say C, perfectly ; in which 
case most of the other keys will be so out of tune 
as to be unbearable. Or again, we may distribute 
the errors over certain often-used keys, and accumu- 
late them ' in others which are of less frequent oc- 
currence. 

Expedients of this kind are described as modes 
of 'tempering,' and the system adopted in tuning 
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any particular instrument is called its * temperament/ 
A vast number of different methods of tempering 
have been proposed and tried during the history of 
the organ and pianoforte* 

110. That which has at last been almost univer- 
sally adopted is the system . of equal temperament. 
It consists in dividing each octave into twelve pre- 
cisely equal intervals. Each of these intervals is 
called a semi-tone, and any two of them together a 
whole tone. 

The octave of which (7, 264, is the lowest note, 
will contain, on the equal temperament system, the 
following sounds. The vibration-numbers are given 
true to the nearest integer. When a note is slightly 
sharper than that so indicated, this is shown by 
the sign + attached to the vibration-nimiber in ques^ 
tion ; when slightly flatter, by the sign -. For the 
sake of comparison, the perfect intervals of the same 
scale are written below the tempered ones. 

C. C|, D, D#, E. P. P|, G, G#, A, A|, B 
264, 280-, 296+, 8U-, 833-, S52+, 878+, 896+, 419 + ,444-, 470+, 498+ 

0, D, Eb, B, F, I G, Ab, A, Bb, B 

264, 297, 817-, 880, 852, 896, 422+, 440, 469+, 495 

It is clear that the regions of the tempered scal^ 
where the tuning is the most imperfect, are in the 
jieighbourhood of the Thirds aiid Sixths* E and A 
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are nearly tliree vibrations per second too sharp. 
The Fourth and Fifth are less out of tune, in fact 
only wrong by a fraction of a vibration per second. 

Ill, The intervals of the tempered scale are so 
nearly equal to those of the perfect scale, that, when 
the notes of the former are sounded successively ^ it re- 
quires a delicate ear to recognize the defective charac- 
ter of the tuning. When, however, more than one note 
is heard at a time, the case becomes quite different. 
We saw in Chapter viii. how rigorously accurate the 
tuning of a consonant interval must be, to secure the 
greatest smoothness of which it is capable. It was 
also shown that such intervab are generally very 
closely bounded by harsh discords. Now since, in 
the system of equal temperament, no interval except 
that of the octave is accurately in tune, it follows 
that every representative of a concord, in its scale, 
must be less smooth than it would be were the 
tuning perfect. One of the greatest charms of 
music, and especially of modem music, lies in the 
vivid contrast presented by consonant and dissonant 
chords in close juxtaposition. Temperament, by im- 
pairing, even though but slightly, the perfection of 
the concords, necessarily somewhat weakens this 
contrast, and takes the edge off the musical pleasure 
which, in the hajads of a great composer, it is capa- 
ble of giving us, A fact already once adverted to 
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(p. 172) may be again adduced here, as illustrating the 
effect of temperament in blurring distinctions of con- 
sonance and dissonance, viz. that on the key-boaxd 
of the pianoforte, the same two notes which represent 
C A!^j which is a concord, though not a very smooth 
one, also appear in (7 — (?!, which is a decided discord. 
A reference to § 108 will show that, with perfect 
tuning, G^ and A^ are different notes having vibra- 
tion-numbers in the proportion of 412^ to 422f . 

One of the readiest ways of recognizing the de- 
fective character of equal temperament tuning is, 
first, allow a few accurate voices to sing a series 
of sustained chords in three or four parts, without 
accompaniment, and then, after noticing the effect, 
to let them repeat the phrase while the parts are 
at the same time played on the pianoforte. The 
sour character of the concords of the accompanying 
instrument will be at once decisively manifested. 
Voices arer able to sing perfect intervals, and their 
clear transparent concords contrast with the duller 
substitutes provided by the pianoforte in a way 
obvious to every moderately acute ear. 

112. Since the voice is endowed with the power 
of producing all possible shades of pitch within its 
compass, and thus of singing absolutely pure inter- 
vals, it is clear that we ought to make the most of 
this great gift, and especially in the case of those 
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persons who are to be public singers, allow, during 
the years of preparation, no contact save with the 
purest examples of intonation. Unfortunately the 
practice of most singing-masters is the very reverse 
of this. The pupil is systematically accompanied, 
during vocal practice, on the pianoforte, and thus 
accustomed to habitual familiarity with intervals 
which are never strictly in tune. No one can doubt 
the tendency of such constant association to impair 
the sensitiveness to minute differences of pitch on 
which delicacy of musical perception depends. Evil 
communications are not less corrupting to good 
ears than to good manners. I feel convinced that we 
have here the reason why so comparatively few of our 
trained vocalists, whether amateurs or professionals, 
are able to sing perfectly in tune. The untutored 
voice of a child who has never undergone the ear- 
spoiling process, often gives more pleasure by the 
natural purity of its intonation, than the vocalization 
of an opera-singer who cannot keep in tune. The 
remedy is to practise without accompaniment, or 
with that of aii instrument like the violin^, which is 
not tied down to a few fixed sounds. Even with the 

* That a violinist can play pure intervals has been established 
by Professor Helmholtz by the following decisive experiment, 
performed with the aid of Herr Joachim. A harmonium was 
employed which had been tuned so as to give pure intervals with 
certain stops and keys ; and tempered intervals with others. A 
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pianoforte something might be done, by having it, 
when intended to be used only in assisting Tocal 
practice, put into perfect tune in one single key, and 
using that key only. 

The services of such an instrument would, no 
doubt, be comparatively very restricted, but this 
might not be without a corresponding advantage, if 
the vocalist were thereby compelled to rely a little 
more on his own imaided ear, lay aside his corks, and 
swim out boldly into the ocean of Sound. 

113. The musical notation in ordinary usa evi- 
dently takes for granted a scale consisting of a 
limited number of fixed soimds. Moreover, it indi- 
cates, directly, absolute pitch, and, only indirectly, 
relative pitch. In order to ascertain the interval 
between any two notes on the stave, we must 
go through a little calculation, involving the clef, 
the key-signature, and, perhaps, in addition, * acci- 
dental' sharps or flats. Now these are complica- 
tions, which, if necessary for pianoforte music, are 
perfectly gratuitous in the case of vocal music. The 
voice wants only to be told on what note to begin, 
and what intervals to sing afterwards, i.e. it is con- 
string having been iuned in unison with a common tonic of both 
systems, it was found that the intervals played by the eminent 
violinist agreed with those of the natu>rcd, not with those of the 
tempered scale. • 
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cemed with absolute pitch only at its start y and needs 
to be troubled with it no further. Hence, tp place 
the ordinary notation before a child who is to be 
taught to sing, is like presenting him with a manual 
for learning to dance, compiled on the theory that 
human feet can only move in twelve different ways. 
Not only does the established notation encumber the 
vocalist with information which he does not want ; 
it feils to communicate the one special piece of infor- 
ination which he does want. It is essential to really 
good music that every note heard should stand in a 
definite relationship to its tonic or key-note. NoWy 
there is nothing in the established notation to mark 
clearly and directly what this relation ought, in each 
case, to be. Unless the vocalist, besides his own 
'part,' is provided with that of the accompaniment^ 
and possesses some knowledge of Harmony, Jie can- 
not ascertain how the notes set down for him are 
related to the key-note and to each other. The 
extreme inconvenience of this must have become 
painfully evident to any one who has freqiiiently sung 
concerted music from a single part. 

A Bass, we will suppose, after leaving off on i^|, 
is directed to rest thirteen bars, and then come in 
fortissimo on his high E . It is impossible for him 
to keep the absolute pitch of i^t in his head during, 
thia long interval, which is perhaps ocQupied by 

T, 14 
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the other voices in modulating into some remote 

« 

key ; and his part vouchsafes no indication in what 
relation the Eh stands to the notes, or chords, im- 
mediately preceding it. There remains, then, nothing 
for him to do but to sing, at a venture, some note 
at the top of his voice, in the hope that it may 
prove to be E^y though "with considerable dread, in 
the opposite event, of the conspicuous ignominy of 
a fortissimo blunder. 

The essential requisite for a system of vocal 
notation, therefore, is that, whenever it specifies any 
sound, it shall radicate, in a direct and simple 
manner, the relation in which that sound stands to 
its tonic for the time being. A method by which 
this criterion is very completely satisfied shall now 
be briefly described. 

114.. The old Italian singing-masters denoted 
the seven notes of the Major scale, reckoned from 
the key-note upwards, by the syllables 

do, re, mi, fa, sol, la, si, 
pronounced, of course, in the continental fashion. 
As long as a melody moves only in the Major mode, 
without modulation, it clearly admits of being written 
down, as far as relations of pitch only are concerned, 
by the use of these syllablea The opening phrase 
of ' Rule Britannia,' for instance, would stand thus : 

do, do, do, re, mi, fa, sol, do, re, re, mi, fa, mi. 
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In order to abridge the notation, we may indi- 
cate each syllable by its initial consonant. The 
ambiguity which would thus arise between sol and 
si is got rid of by altering the latter syllable into ti. 
In order to distinguish a note from those of the 
same name in the adjacent octaves above and below 
it, an accent is added, either above or below the 
corresponding initial Thus d' is an octave above d ; 
d^ an octave below d. 

Where a modulation, L e. a change of tonic, 
occurs, it is shown in the following manner. A note 
necessarily stands in a two-fold relation to the out- 
going and the in-coming tonic. The interval it forms 
with the new tonic is diflferent from that which it 
formed with the old one. Each of these intervals 
can be denoted by a suitable syllable-initial, and 
the displacement of one of these initials by the 
other, represents in the aptest manner the super- 
session of the old by the new tonic. The old initial 
is written above and to the left of the new one. 
Thus y indicates that the note re is to be sung, but 
its name changed to fa. As this is a somewhat 
difficult point a few modulations are appended, ex- 
pressed both in the established notation, and in that 
now under consideration. The instances selected are, 
from C to G; from C to F; from E to C; froih G 
toi^l. 

14—2 
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A *$ 



* 



&- 



iq: 



n 



m 



isgrfte 



Ip^^^ii 



Immediately after a modulation, the ordinary Hyl- 
lable-initials come into use again, and are employed 
xmtil a fresh modulation occurs. It will be seen 
at once, that the difficulty of ' remote keys,' which 
ia so serious in the established notation, thus alto- 
gether disappears. For instance, a vocal phrase from 
Spohr's 'Last Judgment,' which in the established 
notation is as follows, 



20 



S 






takes, in the notation before us, the perfectly simple 
fonn, 

8 I t\d'mfs\sfl I I 8\f m. 

As another example, take the following, from the 
same work. 

I- 



^B=f^ 



ftirfc 



iz± 



telzfziFni 



p;:« 



BiEE^±E^- 



6i=-t:^-: 



d 



f r r 9 t^ d d f r f t^ 

115. The system of notation, of which a cursory 
sketcli has just been given, originated, it is said,, 
with two Norwich ladies named Glover, but haa 
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received its present form at the hands of Mr J. 
Curwen, to whom it also owes the name of * Tonic 
Sol-Fa/ by which it is now so widely known. As 
it is no part of the plan of the present work to gd 
into technical details, only so much has been said 
about Mr Curwen's system as was necessary to 
enable the reader to grasp its essential principle* 
No mention has been made of the notation foi* 
Minor and Chromatic mteryals, nor of that for de-* 
noting the relations of time by measures appealing 
directly to the eye, instead of by mere symbols. On 
these and all other points connected with his system, 
Mr Curwen's published works on Tonic Sol- Fa give 
full and thoroughly lucid and intelligible explana-^ 
tions. Mr Curwen has also created a very extensive 
literature of the best vocal music, printed in his own 
notation ; given a most remarkable impulse to choral 
singing ; and established a system of graded cer-* 
tificates examinations, guaranteeing the attainment, 
by their holders, of corresponding stages of musical 
cultivation. 

I have enjoyed some opportunities of watching 
the progress of beginners taught on the old system, 
and on that of the Tonic Sol-Fa, and assert, with- 
out the slightest hesitation, that, as an instrument 
of vocal training, the new system is enormously, 
overwhelmingly, superior to the old. In fact, I am 
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prepared to maintain that the complicated repulsive* 
ness of the pitch-notation, in the old system, must 
be held responsible for the humiliating fact that, of 
the large number of musically well-endowed persons 
of the opulent classes who have undergone at school 
an elaborate instrumental and vocal training, com- 
paratively few are able to play, and still fewer to 
sing, even the very simplest music at sight. Set an 
average young lady to accompany a ballad, or to 
sing a psalm-tune she has never seen before, and^e 
all know what the result is likely to be. Now, there 
is no more inherent dijfficulty in teaching a child 
with a fairly good ear to sing at sight, than there is 
in making him read ordinary print at sight. A 
vocalist who can only sing a few elaborately pre- 
pared songs ought to be regarded as on a level with 
a school-boy who should be unable to read except 
out of his own book. If evidence be wanted to 
make good this assertion, it is at once to hand in 
the fact that the youngest children, when well 
trained on the Tonic Sol-Fa system, soon 'obtain a 
power of steady and accurate sight-singing, and 
will even tell you whether a new tune pleases them 
or not, after merely glancing through it, without 
uttering a note. 

The reader will please to observe that the above 
remarks are strictly limited to the achievements of 
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the Tonic Sol-Fa system in teaching singing, I 
exjpress no opinion as to the applicability of its nota- 
tion to instrumental music, nor do I' wish to maintain 
that even in the vocal branch it has arrived at abso- 
lute perfection. On the contrary, I am doubtful 
whether its time-notation, when applied to very com- 
plicated rhythmic divisions, does not become more 
difl&cult than the system in ordinary use, and I con- 
sider the notation adopted for the Minor mode to be 
capable of decided improvement. On the main point, 
however, viz. the decisive superiority of its pitch- 
notation over that of the established system, and the 
vitally important consequences as to purity of into- 
nation which necessarily follow firom this superiority, 
I desire to express the most confident and uncompro- 
mising opinion. 

116. In closing the enquiry which occupies the 
preceding chapters, it will be advisable to examine; 
very concisely, the bearing of our principal result, 
the theory of consonance and dissonance, on the 
SBsthetics of music^ Dissonance was shown to arise 
from rapid beats, and the concords were classed in 
order, according to their more or less complete free- 
dom from dissonance ; the octave coming first, fol- 
lowed by the Fifth, Fourth, Major Third and Sixth, 
and Minor Third and Sixth, This classification was 
stnctly physical, depending exclusively on smooth* 
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ness of combined eflfect. On its own ground, there- 
fore, it is absolutely unassailable, and whoever says^ 
for instance, that a Major Third is a smoother con-*' 
cord than a Fifth or octave, asserts what is ad 
demonstrably felse as that the moon goes ^ round the 
earth in aii exact circle. Nevertheless, it by no 
means necessarily follows that the smoothest con- 
cords must be the most gratifying to the ear. There 
may b^ some other property of an interval which 
gives us greater satisfaction than mere consonance: 
Assuming, for the moment, that such a property 
does in fact exist, the ear, if called on to arrange the 
consonant intervals in the orAer oi ihehi pleasantness, 
might very well bring out a diiferent arrangement 
from that adopted by physical science on grounds of 
smoothness alone. ^Esthetic considerations come in 
here, with the same right to be heard as mechanical 
considerations have within their own domain. 

117. Now unquestionably the ear's order of merit 
is not the same as the mechanical order. It places 
Thirds and Sixths first, then the Fourth and Fifths 
and the octave last of all. Thfe constant appearance 
of Thirds and Sixths in two-part music, compared 
with the infrequent employment of the remaining 
concords, leaves no doubt on this point. In fact 
these intervals have a peculiar richness and perma- 
nent charm about them, not possessed by the Fourth 
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or Fifth to anything like the same extent, and by 
the octave not at all. 

The thin effect of the octave undoubtedly de- 
pends on the fact that every partial-tone of the 
higher of two clangs forming that interval, coin- 
cides exactly with a partial-tone of the lower clang. 
Thus no new sound is introduced by the higher 
clang ; the quality of that previously heard is merely 
modified by the alteration of relative intensity 
among the constituent partial-tones. Major and 
Minor Thirds bring in a greater variety of pitch in 
the resulting mass of sound than does the Fifth ; but 
this can hardly be said of the Major and Minor 
Sixths compared with the Fourth. On the whole, I 
am inclined to attribute the predilection of the ear 
for Thirds and Sixths, over the other concords, to 
circumstances connected with its perception of key- 
relations, though I am not able to give a satisfactory 
account of them. The ear enjoys, in alternation 
with consonant chords, dissonances of so har^h a 
description as to be barely endurable when sustained 
by themselves. This constitutes a marked distinc- 
tion between it and the other organs of sense. A 
stench is not "improved by alternating with the most 
fragrant odours, nor nauseous food rendered palatable 
when administered at intervals between the most 
delicious plats. A kick remains a kick, even though 
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it be preceded and followed by caresses ; and repulsive 
hideousness forms no welcome element in pictorial 
or plastic art. As instances of the kind of discords 
in which the ear can find delight, take the following. 
The chord marked * should in each case be played 
first hy itself^ and then in the place assigned to it by 
the composer. The effect of the isolated discord is 
so intensely harsh, that it is at first dijfficult to under- 
stand how any preceding and succeeding ccfncords 
can make it at all tolerable; yet the sequence, in 
both the phrases cited, is of the rarest beauty. 
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Considerations sucb as those just alleged tend ta 
show that, while physical science is absolutely au- 
thoritative in all that relates to the constitution of 
musical soimds, and the smoothness of their combi-' 
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nations, the composer's direct perception of wliat is 
musically beautiful must mainly direct him in the 
employment of his materials. It would be a serious 
error to force upon him a number of rules planned, on 
scientific principles, to secure the maximum smooth- 
ness of effect ; since mere smoothness is often a mat- 
ter of extremely secondary importance, compared 
with grandeur of harmony, and masterly movement 
of parts. The nature of the subject may sometimes 
call for a mode of treatment needing exceptional 
smoothness. In such a case the rules may become of 
considerable importance. It is well, therefore, that 
a composer should know and be able to handle them, 
but he should never allow them to fetter his freedom 
in wielding the higher and more spiritual weapons of 
his warfare. 
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Airy. — Works by G. B. AtRY, Astronomer Royal : — 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Crown 8vo. cloth. 5f. 6</. 

It tF hffped that the methods of solution here explained^ and the in- 
stances exhibited^ will be found sufficient for application to nearly 
all the important problems of Physical Science^ which require for 
their complete investigation the aji4 of Partial Differential Equa- 
tions. 

ON THE ALGEBRAICAL AND NUMERICAL TIJl^ORY OF 
ERRORS OF OBSERVATIONS AND THE COMBINA- 
TION OF OBSERVATIONS. Crown 8vo. cloth. es,^6d. 

IH order to spare astronomers and observers in natural philospphy the 

confusion and loss of time which are produced by rcfei-ring to the 

ordinary treatises embracing both branches of probabilities \the first 
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Airy (G. 'B.)—conHnued. 

relating to chances which can be altered only by the changes of entire 
units or integral multiples of units in the fundamental conditions 
of the problem ; the other concerning those chances which have 
respect to insensible gradations in the value of the element measured), 
this volume has been drawn up. It relates only to errors ofobsenm' 
tion^ and to the rules, derivable from the consideration of these 
errors, for the combination of the results of observations. 

UNDULATORY THEORY OF OPTICS. Designed for the Use 
of Students in the University. New Edition. Crown 8vo. clothe 
6j. 6d. 

The undulatory theory of optics is presented to the reader as having 
the same claims to his attention as the theory ofgravitation, — namely y. 
that it is certainly true, and that, by mathematical operations 
of general elegance, it leads to results of great interest. This theory- 
explains with accuracy a vast variety of phenomena of the most 
complicated kind. The plan of this tract has been to include those 
phenomena only which admit of calculation, and the investigations 
are applied only to phenomena which actucUly have been observed. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With- 
the Mathematical Elements of Music. Designed for the Use of 
Students of the University. Second Edition, revised and enlarged. 
Crown 8vo. 9J. 

This volume consists of sections, which again are divided into num^ 
bered articles, on the following topics : — General recognition of the 
air cts the medium which conveys sound ; Properties of the air on 
which the formation and transmission of sound depend ; Theory of 
undulations as applied to sound, etc. ; Investigation of the motion 
of a wave of air through the atmosphere; Transmission of waves 
of soniferous vibrations through different gases, solids, and fluids; 
Experiments on the velocity of sound, etc. ; On musical sounds, 
and the manner of producing them; On the elements of musical 
harmony and melody, and of simple musical composition; On in- 
strumental music; On the human organs of speech and hearing. 

A TREATISE ON MAGNETISM. Designed for the Use of 
Students in the University. Crown 8vo. 9x. 6d. 

As the laws of Magnetic Force have been experimentally examined. 
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ivith philosophical accuracy ^ only in Us connection with iron and 
steely and in the influence excited by the earth as a whole, the 
accurate portions of this work are confined to the investigations con- 
nected with these metals and the earth. The latter part of the 
worky however, treats in a more general way of the laws of the 
connection between Magnetism on the one hand and Galvanism 
and Thermx)- Electricity on the other. The work is divided into 
Twelve Sections, and each section into numbered articles, each 
of which states concisely and clearly the subject of the following 
paragraphs. 

Ball (R. S., A.M.)— EXPERIMENTAL MECHANICS. A 
Course of Lectures delivered at the Royal College of Science for 
Ireland. By Robert Stawell Ball, A. M. , Professor of Applied 
Mathematics and Mechanics in the Royal College of Science for 
Ireland (Science and Art Department)^. Royal 8vo. i6j. 

Theauthof^s aim in these twenty Lectures has been to create in the 
mind of the student physical ideas corresponding to theoretical laws, 
and thus to produce a work which may be regarded either as a sup- 
plemerU or an introduction to manuals of theoretic mechanics. To 
realize this design, the copious use of experimental illustrations was 
necessary. The apparatus used in the L^tures and figured in the 
volume has been principally built up from Professor Willies most 
admirable system. In the selection of the subjects, the question of 
practical utility has in many cases been regarded as the one ofpara* 
mount importance, and it is believed that the mode of treatment 
which is adopted is more or less original. This is especially 
the case in the Lectures relating to friction, to the mechanical 
powers, to the strength of timber and structures, to (he laws of 
motion, and to the pendulum. The illustrations, drawn from 
the apparatus, are nearly all original and are beautifully exe- 
cuted. **In our reading we have not met zvith any book of the sort 
in English," — Mechanics' Magazine. 

Bayma.— THE elements OF MOLECULAR MECHA- 
NICS. By Joseph Bayma, S.J., Professor of Philosophy^ 
Stonyhurst College. Demy 8vo. cloth. lar. 6d, 

Of the twelve Books into which this treatise is divided, the first 
and second give the demonstration of the principles which bear 
directly on the constitution and the properties of matter. The next 
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three books contain a series of theorems and of problems on the laws 
of motion of elementary substances. In the sixth and seventh, th£ 
mechanical constitution of molecules is twvesiigated and determined: 
and by it the general properties of bodies are explained. The eighth 
book treats of luminiferous ether. The ninth explains some special 
properties of bodies. The tenth and eleventh contain a radical and 
lengthy investigation of chemical principles and relatione, which 
may lead to practical results of high importance. The twelfth and 
last book treats of molecular masses, distances, and powers. 

Boole. — Works by G. Boole, D.C.L, F.R.S., Professor of 
Mathematics in the Queen's University, Ireland : — 

A TREATISE ON DIFFERENTIAL EQUATIONS. New and 
revised Edition. Edited by I. TodhunteRi Crown 8vo. cloth. \\s. 

Professor Boole has endeavoured in this treatise to convey as complete 
an account of the present state of knowledge on the subject of Dif- 
ferential Equations, as was consistent with the idm of a work in- 
tended, primarily, for elementary instruction. The earlier sections 
of each chapter contain that kind of matter which hcts usually ban 
thought suitable for the beginner, while the latter ones are devoted 
either to an account of recent disarvery, or the discussion of such 
deeper questions of principle as are likely to present themselves to the 
reflective student in connection with the methods and processes of his 
previous course, 

A TREATISE ON DIFFERENTIAL EQUATIONS. Supple- 
mentary Volume. Edited by I. Todhunter. Crown 8vo. cloth. 
%s. 6d 

This volume contains all that Professor Boole wrote for the purpose 
of enlarging his treatise on Dijfferential Eqtmtions. 

THE CALCULUS OF FINITE DIFFERENCES. Crown 8vo. 
cloth. \os. dd, 

In this exposition of the Calculus of Finite Differences, particular 
attention has been paid to the connection of its methods with those of 
the Differential Calculus — a connection which in some instances in- 
volves far more than a merely formal analogy. The work is in 
some measure designed as a sequel to Professor Boolc^s Treatise on 
Differential Equations. 
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Cambridge Senate-House Problems and Riders, 

WITH SOLUTIONS :— 

1848-1851.— PROBLEMS. By Ferrers and Jackson. 8vo. 
cloth. I5J-. (>d, 

1848-1851.— RIDERS. By Jameson. 8vo. cloth, ^s. 6d, 

1854.— PROBLEMS AND RIDERS. By Walton and 
Mackenzie. 8vo. cloth, los. (>d. 

1857.— PROBLEMS AND RIDERS. By Campion and 
Walton. 8vo. cloth. 8j. 6d. 

i860.— PROBLEMS AND RIDERS. By Watson and Routh. 
Crown 8vo. cloth. 7^. (>d. 

1864.— PROBLEMS AND RIDERS. By Walton and Wil- 
kinson. 8vo. cloth, los, 6d. 

These volumes will be found of great value to Teachers and Student s^ 
as indicating the style and range of mathematical study in the 
University of Cambridge. 

Cambridge and Dublin Mathematical Journal. 

The Complete Work, in Nine Vols. 8vo. cloth. 10/. lor. 

Only a few copies remain on hand. Among contributors to this 
work will be found Sir W. Thomson^ Stokes , Adams^ Boole, Sir 
W. R. Hamilton, De Morgan, Cayley, Sylvester, Jellett, and other 
distinguished mathematicians. 

Cheyne.— Works by C. H. H. Cheyne, M.A., F.R.A.S.:— 

AN ELEMENTARY TREATISE ON THE PLANETARY 
THEORY. With a Collection of Problems. Second Edition. 
Crown 8vo. cloth, dr. (id. 

In this volume, an attempt has been made to produce a treatise on the 
Planetary theory, which, being elementary in character, should be 
so far complete as to contain all that is usually required by students 
in the University of Cambridge. This Edition has been carefully 
revised. The stability of the Planetary System has been more fully 
treated, and an degant geometriccd explanation of the formulce for 
the secular variation of the node and inclination has been in- 
troduced. 

THE EARTH'S MOTION OF ROTATION. Crown 8vo. 
3J. 6d, 
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The first part of this work consists of an application of the method of 
the variation of elements to the general problem ofrotcUion, In the 
second part the general rotation formula are applied to the particular 
case of the earth, 

Childe.— THE SINGULAR PROPERTIES OF THE ELLIP- 
SOID AND ASSOCIATED SURFACES OF THE Nth 
DEGREE. By the Rev. G. F. Childe, M.A., Author of 
" Ray Surfaces," " Related Caustics," &c. 8vo. lar. 6^. 

The object of this volume is to develop peculiarities in the Ellipsoid ; 
and, further, to establish analogous properties in the unlimited con- 
generic series of which this remarkable surface is a constituent, 

DodgSOn. — AN ELEMENTARY TREATISE ON DETER- 
MINANTS, with their Application to Simultaneous Linear 
Equations and Algebraical Geometry. By Charles L. Dodgson, 
M.A., Student and Mathematical Lecturer of Christ Church, 
Oxford. Small 4to. cloth, los, 6d, 

The object of the author is to present the subject as a continuous 
chain of argument, separated from all accessories of explanation 
oj illustration. All such explanation and illustration as seemed 
necessary for a beginner are introduced either in the form of 
foot-notes, or, where that would have occupied too much room, of 
Appendices, 

Eamshaw (S., M.A.) — partial differential 

EQUATIONS. An Essay towards an entirely New Method of 
Integrating them. By S. Earnshaw, M.A., of St. John's 
College, Cambridge. Crown 8vo. 5/. 

The peculiarity of the system expounded in this work is, that in every 
equation, whatever be the number of original independent variables, 
the work of integration is at once reduced to the use of one indepen- 
dent variable only. The author's object is merely to render his 
method thoroughly intelligible. The various steps of the investiga- 
tion are all obedient to one general principle : and though in some 
degree novel, are not really difficult, but on the contrary easy when 
the eye has become accustomed to the novelties of the notation. Many 
of the results of the integrations are far more general than they were 
in the shape in which tJiey appeared informer Treatises, and many 
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Equations will be found in this Essay integrated with ease infinite 
terms, which were never so integrated before, 

Ferrers.— AN elementary treatise on trilinear 

CO-ORDINATES, the Method of Reciprocal Polars, and the 
Theory of Projectors. By the Rev. N. M. Ferrers, M. A., Fellow 
and Tutor of Gonville and Caius College, Cambridge. Second 
Edition. Crown 8vo. dr. (id. 

The object of the author in writing on this subject has mainly been to 
place it on a basis altogether independent of the ordinary Cartesian 
system, instead of regarding it as only a special form of Abridged 
Notation. A short chapter on Determinants has been introduced. 

Frost.— THE FIRST THREE SECTIONS OF NEWTON'S 
PRINCIPIA. With Notes and Illustrations. Also a Collection 
of Problems, principally intended as Examples of Newton's 
Methods. By Percival Frost, M. A., late Fellow of St. John's 
College, Mathematical Lecturer of King's College, Cambridge. 
Second Edition. 8vo. cloth. lor. 6^. 

The author' s principal intention is to explain difficulties which may be 
encountered by the student on first reading the Principia, and to 
Ulustrctte the advantages of a careful study of the methods employed 
by Newton, by showing the extent to which they may be applied in 
the solution of problems ; he has also endeavoured to give assistance 
to the student who is engaged in the study of the higher branches of 
mathematics, by representing in a geometrical form several of the 
processes employed in the Differential and Integral Ccdculus, and in 
the analytical investigations of Dynamics. 

Frost and Wolstenholme.— a treatise on solid 

GEOMETRY. By Percival Frost, M.A., and the Rev. J. 
Wolstenholme, M.A., Fellow and Assistant Tutor of Christ's 
College. 8vo. cloth. \%s. 

Intending to make the subject accessible, at least in the earlier portions 
to all classes of students, the authors have endeavoured to explain 
completdy all the processes which are most useful in dealing with 
ordinary theorems and problems, thus directing the student to the 
selection of methods which are best adapted to the exigencies of each 
problem. In the more difficult portions of the subject, they have 
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considered themselves to be addressing a higher class of students ; 
and they have there tried to lay a good foundation on which te 
buildy if any rectder should wish to pursue the science beyond the 
limits to which the work extends, 

Godfray. — Works by Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge : — 

A TREATISE ON ASTRONOMY, for the Use of CoUeges and 
Schools. 8vo. cloth* I?<f* 6^» 

This book embraces all those branches of Astronomy which hceveyfrom 
time to time, been recommended by the Cambridge Board of Mathe- 
matical Studies: but by far the larger and easier portion, adapted 
to the first three days of the ExamincUion for Honours, may be read 
by the more advanced pupUs in many of our schools. The author's 
aim has been to convey clear and distinct ideas of the celestial phe- 
nomena. *^ It is a working book," says the Guardian, ** taking 
Astronomy in its proper place in the Mathematical Sciences. . . . 
It is a book which is not likely to begot up unintdligently." 

AN ELEMENTARY TREATISE ON THE LUNAR 
THEORY, with a Brief Sketch of the Problem up to the time of 
Newton. Second Edition, revised. Crown Svo. cloth. 5^. 6d, 

These pages will, it is hoped, form an introduction to more recondite 
works. Difficulties have been discussed at considerable length. The 
selection of the method followed with regard to analytical solutions^ 
which is the same as that (f Airy, Herschell, etc., was made on 
account of its simplicity ; it is, moreover, the method which has 
obtained in the University of Cambridge, ^*As an elementary 
treatise and introduction to the subject, we think it may justly claim 
to supersede all former ones." — London, Edinburgh, and Dublin 
Phil. Magazine. 

Green (George).— mathematical papers of the 

LATE GEORGE GREEN, Fellow of Gonville and Caius 
College, Cambridge. Edited by N. M. Ferrers, M.A., Fellow 
and Tutor of Gonville and Caius College. Svo. 15J. 

The publication of this book may be opportune at present, as several 
of the subjects with which they are directly or indirectly concerned 
hQve recently been introdi^ed into the course of matJiematical 
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study at Cambridge. They have also an interest as being the work 
of an almost entirely self-taught mathematical genius. The Papers 
comprise the following: — An Essay on the application of Mathe- 
matical Analysis to the Theories of Electricity and Magnetism — 
On the Laws of the Equilibrium of Fluids analogous to the Electric 
Fluid — On the Determination of the Attractions of Ellipsoids of 
variable Densities — On the Motion of Waves in a variable Canal 
of small depth and width — On the Reflection and Refraction of 
Sound — On the Reflection and Refraction of Light at the Common 
Surface of two Non- Crystallized Media — On the Propagation of 
Light in Crystallized Media — Researches on the Vibrations of Pen- 
dulums in Fluid Media. ** It hcts been for some time recognized 
that Greenes writings are amongst the most vcduable mcUhemaiical 
productions we possess.^* — Athenaeum. 

Hemming*. — an elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCUI>US. For the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John*s College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. cloth, gj. 

There is no book in common use from which so clear and exact a 
knowledge of the principles of the Calculus can be so readily ob- 
tained.''^ — Literary Gazette. 
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Jackson. — geometrical conic sections. An Ele- 
mentary Treatise in which the Conic Sections are defined as the 
Plane Sections of a Cone, and treated by the Method of Projections. 
By J. Stuart Jackson, M. A , late Fellow of Gonville and Caius 
College. Crown 8vo. 41. dd. 

This work has been written with a view to give the student the benefit 
of the Method of Projections as applied to the Ellipse and Hyper- 
bola. When this method is admitted into the treatment of Conic 
Sections there are many reasons why they should be defined^ not 
with reference to the foctis and directrix^ but according to the 
original definition from which they have their name, as Plane 
Sections of a Cone. This method is calculated to produce a material 
simplification in the treatment of these curves and to make the proof 
of their properties more easily understood in the first instance and 
more easily remembered. It is also a powerful instrument in the 
solution of a large class of problems relating to these curves. 
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Morgan.— A collection of problems and exam- 
ples IN MATHEMATICS. With Answers. By H. A. 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown 8vo. cloth. 6/. td. 

This book contains a number of problems^ chiefly elementary ^ in the 
Mathematical subjects usually read at Cambridge, They have been 
selected from the Papers set during late years at Jesus College. Very 
few of them are to be met with in other collections^ and by far the 
larger number are due to some of the most distinguished Mathe* 
maticians in the University, 

Newton's Principia. — ^4to. cloth. 31 j. 6d. 

It is a sufficient guarantee of the reliability of this complete edition of 
Newton* s Principia that it has been printed for and under the care 
of Professor Sir William Thomson and Professor Blackburn, of 
Glasgow University, The following notice is prefixed :—, * * Finding 
that all the editions of the Principia are now out of, print , we have 
been induced to reprint Newton* s last edition [of 1 726] without note 
or comment^ only introducing the * Corrigenda * of the old copy and 
correcting typographical errors*^ The book is of a handsome size, 
with large type, fine thick paper, and cleanly-cut figures, and is 
the only recent edition containing the whole of Newton*s great 
work, 

Parkinson. — Works by S. Parkinson, D.D., F.R.S., Fellow 
and Tutor of St. John's College, Cambridge :— 

AN ELEMENTARY TREATISE ON MECHANICS. For the 
Use of the Junior Classes at the Unirersity and the Higher Classes 
in Schools. With a Collection of Examples. Fourth Edition, 
revised. Crown 8vo. cloth. 9^. 6d, 

In preparing a fourth edition of this work the author has kept the 
same object in view as he had in the former editions — namely, to in^ 
elude in it such portions of Theoretical Mechanics as can be con- 
veniently investigated without the use of the Differential Calculus, 
and so render it suitable as a manual for the junior classes in the 
University and the higher classes in Schools, With one or two short 
exceptions, the student is not presumed to require a knowledge of any 
branches of Mathematics beyond the elements of Alg^a, Geometry^ 
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and Trigonometry. Several additional propositions have been in- 
corporated in the work for the purpose of rendering it more complete^ 
and the collection of Examples and Problems has been largely in- 
creased, 

A TREATISE ON OPTICS. Third Edition, revised and en- 
larged. Crown 8vo. cloth. lar. (id. 

A collection of Examples and Problems has been appended to this work, 
which are sufficiently numerous and varied in character to afford 
useftil exercise for the student. For the greater part of them, re- 
course has been had to the Examination Papers set in the University 
and the several Colleges during the last twenty years. 

Phear.— ELEMENTARY HYDROSTATICS. With Numerous 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. Fourth Edition. Crown 8vo. 
cloth. $s. 6d, 

This edition has been carefully revised throughout, and many new 
Illustrations and Examples added, which it is hoped wUl increase 
its usefulness to students at the Universities and in Schools. In ac- 
cordance with suggestions from many engaged in tuition, answers to 
all the Examples have been given at the end of the book. 

Pratt.— A TREATISE ON ATTRACTIONS, LAPLACE'S 
FUNCTIONS, AND THE FIGURE OF THE EARTH. 
By John H. Pratt, M.A., Archdeacon of Calcutta, Author of 
"The Mathematical Principles of Mechanical Philosophy." Fourth 
Edition. Crown 8vo. cloth. 6j. 6^/. 

The author's chief design in this treatise is to give an answer to the 
question, **IIas the Earth acquired its present form from being 
originally in a fluid state f " This edition is a complete revision of 
the former ones. 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Banners. By G, H. Puckle, M.A., Head Master of 
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Windermere College. New Edition, revised and enlarged. 
Crown 8vo. cloth, yj. 6^. 

This work is recommended by the Syndicate of the Cambridg£ Local 
Examinations^ and is the text-book in Harvard University^ U.S. 
The Athenceum says the author *^ displays an intimate acquaint- 
ance with the difficulties likely to be felty together with a singular 
aptitude in removing them?^ 

Routh. — AN ELEMENTARY TREATISE ON THE DYNA- 
MICS OF THE SYSTEM OF RIGID BODIES. With 
numerous Examples. By Edward John Routh, M.A., late 
Fellow and Assistant Tutor of St. Peter*s College, Cambridge ; 
Examiner in the University of London. Second Edition, enlaiged. 
Crown 8vo. cloth. 14J. 

In this edition the author has made several additions to each chapter : 
he has tried^ even at the risk of some little repetition, to make each 
chapter, as far as possiBle, complete in itself, so that all that relates 
to any one part of the subject may be found in the same place. This 
arrangement will enable every student to select his own order in 
which to read the subject. The Examples which will be found at 
the end of each chapter have been chiefly selected from the Examina- 
tion Papers which have been set in t/ie University and the Colleges 
in the last few years. 

Smith's (Barnard) Works.— See Educational Cata- 
logue. 

Smith (J. Brook.)— ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook Smith, M.A., LL.B., St. John*s 
College, Cambridge ; Barrister-at-Law ; one of the Masters of 
Cheltenham College. Crown 8vo. 44*. 6^. 

Writers on Arithmetic at the pi'esent day feel the necessity of explaining 
the principles on which the rules of the subject are based, but few as 
yet feel the necessity of making these explanations strict and complete ; 
or, failing that, of distinctly pointing out their defective character. 
If the science of Arithmetic is to be made an effective itistrument in 
developing and strengthening the mental powers, it ought to be 
worked out rationally and conclusively ; and in this work the 
author has endeavoured to reason out in a clear and accurate 
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manner the leading propositions of the science^ and to illustrate and 
apply those propositions in practice. In the practical part of the 
subject he has advanced somewhat beyond the majority of preceding 
writers; particularly in Diinsion^ in Greatest Common Measure^ 
in Cube Root, in the chapters on Decimal Money and the Metric 
System^ and nwre especially in the application of Decimals to Per- 
centages and cognate subjects. Copious examples, original and 
selected, are given. 

Snowball.— THE elements of plane and sphert- 

CAL TRIGONOMETRY ; with the Construction and Use of 
Tables of Logarithms. By J.. C. Snowball, M.A. Tenth 
Edition. Crown 8vo. cloth. 7^. 6^. 

In preparing the present edition for the press, the text has been sub- 
jected to a careful revision ; the proofs of some of the more import- 
ant propositions have been rendered more strict and general ; and 
a considerable addition of more than tivo hundred examples, taken 
principally from the questions set of late years in the public exami- 
nations of the University and of individual Colleges, has been made 
to the collection of Examples and Problems for practice, 

Tait and Steele.— dynamics of a particle. With 

numerous Examples. By Professor Tait and Mr. Stetxe. New 
Edition. Crown 8vo. cloth. I Of. 6</. 

In this treatise will be found all the ordinary propositions, connected 
with the Dynamics of Particles, which can be conveniently deduced 
without the use of D^Alembert^s Principle. Throughout the book 
will be found a number of illustrative examples introduced in the 
text, and for the most part completely worked out ; others with occa- 
sional solutions or hints to assist the student are appended to each 
chapter. For by far. the greater portion of these, the Cambridge 
Senate-House and College Examination Papers have been applied to. 

Taylor. — geometrical CONICS; including Anharmonic 
Ratio and Projection, with numerous Examples. By C. Taylor, 
B.A., Scholar of St. John's College, Cambridge. Crown Svo. 
cloth. 7 J". 6^.. 

This work contains elementary proofs of the principal properties of 
Conic Sections, together unth chapters on Projection and Anharmonic 
Ratio-. 
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Todhunter. — Works by I. Todhunter, M.A., F.R.S., of 
St. John's College, Cambridge : — 

^^Perspicuous language^ vigorous investigations^ scrutiny of difficulties^ 
and methodical treatment^ characterize Mr, Todhunter^ s works,^^ — 
Civil Engineer. 

THE ELEMENTS OF EUCLID; MENSURATION FOR 
BEGM^NERS; ALGEBRA FOR BEGINNERS; TRIGO- 
NOMETRY FOR BEGINNERS; MECHANICS FOR 
BEGINNERS. — See Educational Catalogue. 

ALGEBRA. For the Use of Colleges and Schools. Fifth Edition. 
Crown 8vo. cloth. *js, 6d, 

This work contains all the propositions which are usucdly included in 
elementary treatises on Algebra, and a large number of Examples 
for Exercise. The author has sought to render the work easily in- 
telligible to students, without impairing the accuracy of the demon-- 
strations, or contracting the limits of the subject. The Examples, 
about Sixteen hundred and fifty in number, have been selected with 
a view to illustrate every part of the subject. The work will be 
found peculiarly adapted to the wants of students who (ire without 
the aid of a teacher. The Answers to the. Examples, with hints 
for the solution of some in which assistance may be needed, are 
given at the end of the book. In the present edition two New 
Chapters and Three hundred miscellaneous Examples have been 
added. **It has merits which unquestionably place it first in the 
class to which it belongs. ^"^ — Educator. 

KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 
SCHOOLS. Crown 8vo. icxf. 6^. 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. Second Edition, revised. Crown 8vo. cloth. 
7j. td. 

This treatise contains all the propositions which are usually included 
in elementary treatises on the theory of Equations, together with 
Examples for exercise. These have been selected from the College 
and University Examination Papers, and the results have been 
given when it appeared necessary. In order to exhibit a compre- 
hensive view of the subject, the treatise includes investigations which 
are not found in all the preceding elementary treatises, and also 
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some itwesHgaiions which are not to he found in any of them. For 
the second edition the work has been revised and some additions 
. hceve been made, the most important being an account of the Re- 
searches of Professor Sylvester respecting NewtorCs Rule, ^^ A 
thoroughly trustworthy y complete, and yet not too elaborate treaiise,^^ 
— Philosophical Magazine. 

PLANE TRIGONOMETRY. For Schools and Colleges. Fourth 
Edition. Crown 8vo. cloth« 5^. 

The design of this work has been to render the subject intelligible 
to beginners, and at the same time to afford the student the oppor- 
tunity of obtaining all the information which he will require on 
this branch of Mathematics, Each chapter is followed by a set 
of Examples : those which are entitled Miscellaneous Examples, 
together with a few in some of the other sets, may be advantageously 
reserved by the student for exercise after he has made some progress 
in the subject. In the Second Edition the hints for the solution of 
the Examples have been considerably increased, 

A TREATISE ON SPHERICAL TRIGONOMETRY. Third 
Edition, enlarged. Crown 8vo. cloth. 41. (>d. 

The present work is constructed on the same plan as the treatise on 
Plane Trigonometry, to which it is intended as a sequel. In the 
account of Napier's Rules of circular parts, an explanation has 
been given of a method of proof devised by Napier, which seems to 
have been overlooked by most modem writers on the subject. Con- 
siderable labour has been bestowed on the text in order to render it 
comprehensive and accurate, and the Examples (selected chiefly 
from College Examination Papers) have all been carefully verified. 
*^ For educational purposes this work seems to be superior to any 
others on the subject." — Critic. 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. Fourth 
Edition, revised and enlarged. Crown 8vo. cloth. >js. 6d, 

The author has here endeavoured to exhibit the subject in a simple 
manner for the benefit of beginners, and at the same time to include 
in one volume all that students usually require. In addition, 
therefore, to the propositions which have always appeared in such 
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treatises^ he has introduced the methods of abridged ndtatiofl^ 
which are of more recent origin : these methods, which are of a 
less elementary character than the rest of the work, are placed in 
separate chapters, and may be omitted by the student at first. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. 
With namerous Examples. Fifth Edition. Crown 8vo. cloth, 
lor. (id. 

The author has endeavoured in the present work to exhibit a comp>re- 
hensvve view of the Differential Calculus on the method of limits. 
In the more elementary portions he has entered into considerable 
detail in the explanations, with the hope that a reader who is without 
the assistance of a tutor may be enabled to acquire a competent aC' 
quaintance with the subject. The method adopted is that of Dif- 
ferential Coefficients. To the different chapters are appended 
Examples sufficiently numerous to render another book unnecessary; 
these Examples being mostly selected from College Examination 
Papers. This and tJie following work have been translated into 
Italian by Professor Battaglini, who in his Preface speaks thus ;^— 
"/» publishing this translation of the Differential and Integral 
Calculus of Mr. Todhunter, we have had. no other object than to 
add to the books which are in the hands of the students of our Uni- 
versities, a work remarkable for the clearness of the exposition, the 
rigour of the demonstrations, the just proportion in the parts, and 
the rich store of examples which offer a large field for useful 
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A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. Third Edition, 
revised and enlarged. Crown 8vo. cloth. \os. 6d. 

This is designed as a work at once eleme^itary and complete, adaptea 
for the use of beginners, and sufficient for the wants of advanced 
students. In the selection of the propositions, and in the mode of 
establishing them, it has been sought to exhibit the principles clearly, 
and to illustrate all their most important results. The process of 
summation has been repeatedly brought forward, with the view 
of securing the attention of the student to the notions which form the 
true foundation of the Calculus itself, as well as of its most 
valuable applications. Every attempt has been made to explain those. 
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difficulties lahich usually perplex beginners^ especially with referenci 
to the limits of integrations. A new Method has been adopted in 
regard to the transformation of multiple integrals. The last chapter 
deals with the Calcultis of Variations. A large collection of Exer* 
cisesy selected from College Examination Papers^ has been appended 
to the several chapters. 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. Second Edition, revised. Crown 8vo. cloth. 4J. 

A. TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. Third Edition, revised and enlarged. Crown 8vo. 
cloth. I or. 6^ 

In this work on Statics (treating of the laws of the equilibrium o 
bodies) will be found aU the propositions which usually appear in 
treatises on Theoretical Statics. To the different chapters Examples 
are appended^ which have been principally selected from University 
Examination Papers. In the Third Edition many additions have 
been made^ in order to illustrate the application of the principles oj 
the subject to the solution of problems. 

A HISTORY OF THE MATHEMATICAL THEORY OF 
PROBABILITY, from the Time of Pascal to that of Laplace. 
8vo. i8j. 

The subject of this work has high claims to consideration on account 
of the subtle problems which it involves^ the valuable contributions 
to analysis which it has produced^ its important practical applica^ 
tionSf and the eminence of those who have cultivated it ; nearly 
every great mathematician within the range of a century and 
a half comes under consideration in the course of the history. The 
author has endeavoured to be quite accurate in his statements, and 
to reproduce the essential elements of the original works which he 
has analysed. Besides being a history, the work may claim the title 
of a comprehensive trecttise on the Theory of Probability, for it 
assumes in the reader only so much knaivledge as can be gained from 
an elementary book on Algebra^ and introduces him to almost every 
process and every special problem which the literature of the subject 
canfurftish. 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 
Principally on the Theory of Discontinuous Solutions : An Essay 

B 
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to which the Adams' Prize was awarded in the University of 
Cambridge in 1871. 8vo. dr. 

The subject of this Essay was prescribed in the following terms by the 
Examiners : — *^A d^ermination of the circumstances under which 

. discontinuity of any kind presents itself in the solution of a problem 
of maximum or minimum in the Calculus of Variations^ and 
applications to particular instances. It is expected that the discus* 
sion of the instances should be exemplified as far as possible gw* 
fnetrically, and thcU attention be especially directed to cases ofruU or 
supposed failure of the Calculus ^ While the Essay is thus mainly 
devoted to the consideration of discontinuous solutions^ various 
other questions in the Calculus of Variations are examined and 
elucidated; and the author hopes he has definitely contributed to the 
extension and improvement of our knowledge of this refined depart* 
ment of analysis, 

Wilson (W. P.)— A TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., Fellow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast. 8vo. 
9^. 6d, 

"Wolstenholme.— A BOOK OF mathematical 

PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolsten holme. Fellow of Christ's Collie, some 
time Fellow of St. John's College, and lately Lecturer in Mathe- 
matics at Christ's College. Crown 8vo. cloth. %s, (id. 

Contents : — Geometry (Euclid) — Algebra — Plane Trigonometry — 
Geometrical Conic Sections — Analytical Conic Sections — Theory of 
Equations — DiffereniicU Calculus — Integral Calculus — Solid Geo- 
metry — Statics — Elementary Dynamics — Neivton — Dynamics of a 
Point — Dynamics of a Rigid Body — Hydrostatics — Geometrical 
Optics — Spherical Trigonometry and Plane Astronomy. In some 
cases the author has prefixed to certain classes of problems frag' 
mentary notes on the mathematical subjects to which they relate, 
yudicious, symmetrical^ and well arranged. ''* — Guardian. 
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Airy (G. B.)— POPULAR ASTRONOMY. With lUustrations. 
By G. B. Airy, Astronomer Royal. Seventh 'and cheaper Edition. 
l8mo. cloth. 4r. 6d, 

This work consists of Six Lectures, which are intended ^^to explain 
to intelligent persons the principles on which the instruments of an 
Observatory are constructed (omiUing all details, so far as they are 
merely subsidiary), and the principles on which the observations 
made with these instruments are treated for deduction of the distances 
and weights of the bodies of the Solar System, and of a few stars, 
omitting all minutia of formula, and all troublesome details of 
calculation,^'* The speciality of this volume is the direct reference of 
every step to the Observatory, and the full description of the methods 
and instruments of observation, 

Bastian (H. C. M.D., F.R.S.) — ^the modes of 

ORIGIN OF LOWEST ORGANISMS : Including a Discussion 
of the Experiments of M. Pasteur, and a reply to some Statements 
by Professors Huxley and Tyndall. By H. Charlton Bastian, 
M.D., F.R.S., Professor of Pathological Anatomy in University 
College, London, etc. Crown 8vo. 41. dd. 

The present volume contains a fragment of the evidence which will be 
embodied in a much larger work — now almost completed — relating to 
the nature and origin of living matter, and in favour of what is 
termed the Physical Doctrine of Life. ^^ It is a work worthy of the 
highest respect, and places its author in the very first class of scientific 
physicians. . . . It would be difficult to name an instance in which 
skill, knowledge, perseverance, and great reasoning power have been 
more happily applied to the investigation of a complex biological 
problem." — British Medical Journal. 

B 2 
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Birks (R. B.)— ON MATTER AND ETHER ; or, The Secret 
Laws of Physical Change. By Thomas RaWson Bikks, M.A., 
Rector of Kelshall, Herts, formerly Fellow of Trinity College, 
Cambridge. Crown 8vo. 5j. (id. 

The author bdieves that the hypothesis of the existence of besides matter ^ 
a luminous aher^ of immense elastic foree^ supplies the true and suf' 
ficient key to the remaining secrets of inorganic matter^ of the phc 
nomena of lights dectricity, etc. In this treatise the author endea^ 
vours first to form a clear and definite conception with regard to the 
reed nature both of mcUter and ether ^ and the laws of mutual action 
which must be supposed to exist between them. He then endeavours 
to trace out the main consequences of the fundamental hypothesis ^ 
and thdr correspondence with the known phenomena of physical 
change, 

Blanford (W. T.)— geology and zoology of 

ABYSSINIA. By W. T. Blanford. 8vo. 2is, 

This work contains an account of the Geological and Zoological Obser^ 
vations made by the author in Abyssinia^ when accompanying the 
British Army on its march to Magdala and back in 1868, and 
during a short journey in Northern Abyssinia^ after the departure 
of the troops. Part I. Personal Narrative; Part II. Geology; 
Part III. Zoology. With Coloured Illustrations and Geological 
Map. **The result of his laboursy" the Academy jaj/j, **is an 
important contribution to the natural history of the country. ^^ 

Cooke (Josiah P., Jun.)— first principles of 

CHEMICAL PHILOSOPHY. By Josiah P. Cooke, Jun., 
Ervine Professor of Chemistry and Mineralogy in Harvard College. 
Crown 8vo. I2J. 

The object of the author in this book is to present the philosophy of 
Chemistry in such a form that it can be made with profit the subject 
of College recitations^ and furnish the teacher with the means of 
testing the student^ s faithfulness and ability. With this view the 
subject has been developed in a logical order ^ and the principles of 
the science are taught independently of the experimental evidence on 
which they rest. 
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Cooke (M. C.)— HANDBOOK OF BRITISH FUNGI, 
with full descriptions of all the Species, and Illustrations of the 
Genera. By M. C. CooKe, M.A. Two vols, crown 8vo. 24J. 

During the thirty-five years thdt have elapsed since the appearance of 
the last complete Mycologic Flora no attempt has been made to revise 
itf to incorporate species since discovered^ and to bring it up to the 
standard of modern science. No apology, therefore^ is necessary for 
the present effort, since all will admit that the want of such a 
manual hcts long been felt, and this work makes its appearance 
under the advantage that it seeks to occupy a place which has long 
been vacant. No effort has been spared to make the work worthy 
of confidence, and, by the publication of an occasional supplement, 
it is hoped to maintain it for tnany years as the ^^ Handbook" 
for every student of British Fungi. Appended is a complete alpha- 
betical Index of all the divisions and subdivisions of the Fungi 
noticed in the text. The book contains ^00 figures. " Will main- 
tain its place as the standard English book, on the subject of which 
it treats^ for many years to come," — Standard. 

Dawson (J. W.)— ACADIAN geology. The Geologic 
Structure, Organic Remains, and Mineral Resources of Nova 
Scotia, New Brunswick, and Prince Edward Island. By John 
"William Dawson, M.A., LL.D., F.R.S., F.G.S., Principal and 
Vice-Chancellor of M'Gill College and University, Montreal, &c. 
Second Edition, revised and enlarged. With a Geological Map 
and numerous Illustrations. Svo. i&r. 

The object of the first edition of this work was to place within the 
reach of the people of the districts to which it relates, a popular 
account of the more recent discoveries in the geology and mineral 
resources of their country, and at the same time to give to geologists 
in other countries a connected view of the structure of a very in- 
teresting portion of the American Continent, in its relation to 
general and theoretical Geology. In the present edition, it is hoped this 
design is still more completely fulfilled, with reference to the present 
more advanced condition of knowledge. The author has endea- 
voured to convey a knowledge of the structure and fossils of the 
region in such a manner as to be intelligible to ordinary readers, 
and has devoted much attention to all questions relatingt^Ljl''^'^^^^t 
and present or prospective value of depositsof-^"'^^ minerals. 
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Besides a large coloured Geological Map of the district, the work 
is illustrated by upwards of 260 cuts of sections, fossils, animals^ 
etc, *' The book ivill doubtless find a place in the library, not only 
of the scientific geologist, b$it also of all who are desirous of the in- 
dustrial progress and commercial prosperity of the Acadian pro- 
vinces" — Mining Journal. **A style at once popular and scientific, 
, , . A valuable addition to our store of geological knowledge," — 
Guardian. 

Flower (W. H.)— an introduction to the oste- 
ology OF THE MAMMALIA. Being the substance of the 
Course of Lectures delivered at the Royal College of Surgeons 
of England in 1870. By W. H. Flower, F.R.S., F.R.C.S., 
Hunterian Professor of Comparative Anatomy and Physiology* 
With numerous Illustrations. Globe 8vo. *js. td. 

Although the present work contains the substance of a Course of Lectures^ 
the form has been changed, so as the better to adapt it as a hand- 
book for students. Theoretical views have been almost entirely ex- 
cluded: and while it is impossible in a scientific treatise to avoid the 
employment of technical terms, it has been the author's endeavour to 
use no more than absolutely necessary, and to exercise due care in 
selecting only those that seem most appropriate, or which have re- 
ceived the sanction of general adoption. With a very few excep- 
tions the illustrations have been drawn expressly for this work from 
specimens in the Museum of the Royal College of Surgeoru, 

Galton. — ^Works by Francis Galton, F.R.S. :— 

METEOROGRAPHICA, or Methods of Mapping the Weather. 
Illustrated by upwards of 600 Printed Lithographic Diagrams. 
4to. 9^. 

As Mr, Galton entertains strong views on the necessity of Meteorolo- 
gical Charts and Maps, he determined, as apracticalproofofwhcU 
could be done, to chart the entire area of Europe, so far as meteorological 
stations extend, during one month, viz. the month of December, 1861. 
Mr, Galton got his data from authorities in every part of Britaitti 
and the Contirtent, and on the basis of these has here drawn up 
nearly a hundred different Maps and Charts, showing the state of 
*he weather all over Europe during the above period. **If the 
vanotfHi Governments and scientific bodies would perform for the 
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Gallon (¥ .)—coniinued. 

whole world for two or three years what, at a great cost and labour^ 
Mr. Gallon has done for a part of Europe for one month, Meteoroi- 
logy would soon cease to be made a joke of." — Spectator. 

HEREDITARY GENIUS : An Inquiry into its Laws and Con- 
sequences. Demy 8vo. 12s, 
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I propose," the author says, ** to show in this book that a man^s 
natural abilities are derived by inheritance, under exactly the same 
limitations as are the form and physical features of the whole organic 
world. I shall show that social agencies of an ordinary character, 
whose influences are little suspected, are at this moment working 
towards the degradation of human nature, and tliat others are 
working towards its improvement. The general plan of my argu^ 
ment is to show that high reputation is a pretty accurate test of high 
ability ; next, to discuss the relationships of a large body of fairly 
eminent men, and to obtain from these a general survey of the laws 
of heredity in respect of genius. Then will follow a short chapter^ 
by way of comparison, on the hereditary transmission of physical 
gifts, as deduced from the relationships of certain classes of oarsmen 
and wrestlers. Lastly, I shall collate my results and draw conclu- 
sions." The Times calls it *'*' a most able and most interesting 
book;" and Mx. Darwin, in his ^^ Descent of Man" (vol. up. III^, 
says, " JVe know, through the admirable labours of Mr. Gallon^ 
that Genius tends to be inherited." 

Geikie(A.)— SCENERY OF SCOTLAND, Viewed in Connec- 
tion with its Physical Geography. With Illustrations and a new 
Geological Map. By Archibald Geikie, Professor of Geology 
in the University of Edinbui^gh. Crown 8vo. lOf. td. 

** We can confidently recommend Mr. Geiki^s work to those who wish 
to look below the surface and read the physical history of the Scenery 
of Scotland by the light of modern science." — Saturday Review. 
** Amusing, picturesque, and instructive." — Times. 

Hooker (Dr.)— THE STUDENT'S FLORA OF THE 
BRITISH ISLANDS. -By J. D. Hooker, C.B., F.R.S., 
M.D., D.C.L., Director of the Royal Gardens, Kew. Globe 8vo. 
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TTie object of this work is to supply students and fidd-botanists with a 
fuller account of the Plants of the British Islands than the manuals 
hitherto in use aim at giving. TTie Ordinal, Generic^ and Specific 
characters have been re-written, and are to a great extent original^ 
and drawn from lizdng or dried specimens, or both. " Cannot fail ta 
perfectly fulfil the purpose for which it is intended" — Land and 
"Water. ** Containing the fullest and most accurate manual of the 
kind that has yet appeared." — Pall Mall Gazette. 

Huxley (Professor).— lay SERMONS, addresses, 

AND REVIEWS. By T. H. Huxley, LL.D., F.R.S. New 
and Cheaper Edition, Crown 8va 7^. 6d, 

Fourteen Discourses on the following suJ)jects: — (l) On the Advisable- 
ness of Improving Natural Knowledge: — (2) Emancipation — 
Blcuk and White: — (3) A Liberal Education, and where to find 
ftf;— (4) Scientific Education : — (5) On the Educational Value of 
the Natural History Sciences: — (6) On the Study of Zoology: — 
(7) On the Physical Basis of Life: — (8) The Scientific Aspects of 
Positivism: — (9) On a Piece of Chalk: — (10) Geological Contem- 
poraneity and Persistent Types of Life : — ( 11) Geological Reform : — 
(12) Hie Origin of Species :^{\'^ Criticisms on the *^ Origin of 
Species:"— {i^) On Descartei ** Discourse touching the Method of 
using On^s Reason rightly and of seeking Scientific Truth. " The 
momentous influence exercised by Mr. Huxley s writings on physical^ 
mental, and social science is universally acknowledged: his works 
must be studied by all who would comprehend the various drifts of 
modem thought. 

ESSAYS SELECTED FROM LAY SERMONS, ADDRESSES, 
' AND REVIEWS. Crown Svo. \s. 

This Tjolume includes Numbers I, 3, 4, 7, 8, and 14, of the above. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 
Illustrations. Fourteenth Thousand. i8mo. cloth. 4r. 6^. 

This book describes and explains, in a series of graduated lessons, the 
principles of Human Physiology, or the Structure and Functions 
of the Human Body. The first lesson supplies a general view of 
the subJKt, This is followed by s^tions on the Vascular or Venous 
System, and the Circulation ; the Blood and the Lymph ; Respira- 
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Hon : Sources of Loss and of Gain to the Blood ; the Function of 
Alimentation; Motion and Locomotion; Sensations and Sensory 
Organs ; the Organ of Sight ; the Coalescence of Sensations uuith 
ofu another and with other States of Consciousness ; the Nervous 
System and Innervation; Histology ^ or the Minute Structure of 
the Tissues, A Table of Anatomical and Physiological Constants 
is appended. The lessons are fully illustrated by numerous en 
gravings, ^* Pure gold throughout J^ — Guardian. '"'' Unquestion" 
ably the clearest and most complete elementary treatise on this subject 
that we possess in any language" — ^Westminster Review. 

Kirchhoflf (G.)— RESEARCHES ON THE SOLAR SPEC- 
TRUM, and the Spectra of the Chemical Elements. By. G. 
KiRCHHOFF, Professor of Physics in the University of Heidelberg. 
Second Part Translated, with the Author's Sanction, from the 
Transactions of the Berlin Academy for 1862, by Henry R. 
RoscOE, B.A., Ph.D., F.R.S., Professor of Chemistry in Owens 
College, Manchester. 
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// is to Kirchhoffwe are indebted for by far the best and most accurate 
observations of these phenomena " — Edin. Review. ** This memoir 
seems almost indispensable to every Spectrum observer," — JPhilo- 
sophical Magazine. 

Lockyer (J. N.)— ELEMENTARY LESSONS IN AS- 
TRONOMY. With numerous Illustrations. By J. Norman 
Lockyer, F.R.S. Eighth Thousand. i8mo. 5^.6^. 

The author has here aimed to give a connected inew of the whole subject^ 
and to supply facts, and ideas founded on the facts, to serve as a basis 
for subsequent study and discussion, TTie chapters treat of the 
Stars and Nelmla: ; the Sun; the Solar System; Apparent Move- 
ments of the Heavenly Bodies ; the Measurement of Time; Light; 
the Telescope and Spectroscope; Apparent Places of the Heavenly 
Bodies ; the Real Distances and Dimensions ; Universal Gravitation, 
The most recent Astronomical Discoveries are incorporated, Mr, 
Lockyer' s work supplements that of the Astronomer Royal. " The 
book is full, clair, sound, and worthy of attention, not only as a 
popular exposition, but as a scientific * Index, ^ — Athenaeum. 
** The most fascinating of elementary books on the Sciences," — 
Nonconformist. 
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Macmillan (Rev. Hugh). — For other Works by the same 
Author, see Theological Catalogue. 

HOLIDAYS ON HIGH LANDS ; or, Rambles and Incidents iik 
search of Alpine Plants. Crown 8vo. cloth. 6j. 

Tlie aim of this book is to impart a general idea of the origin^ cha-^ 
ractery and distribution of those rat^e and beautiful Alpine plants 
which occur on the British hills, and which are found almost every^ 
where on the lofty mountain chains of Europe^ Asia, Africa, anct 
America, In the first three chapters the peculiar vegetation of the 
Highland mountains is fully described ; while in the remaining 
chapters this vegetation is traced to its northern cradle in the mouH" 
tains of Not way, and to its southern European termination in the- 
Alps of Switzerland. The information the author hcts to give is 
conveyed in a setting of personal cuiventure, ** One of the most 
charming books of its kind ever written,^ — Literary Churchman. 
** Mr, M*s glowing pictures of Scandinavian scenery J^ — Saturdays 
Review. 

FOOT-NOTES FROM THE PAGE OF NATURE. With* 
numerous Illustrations. Fcap. 8vo. 5j. 

** Those who have derived pleasure and profit from the study of flowers 
and ferns — subjects, it is pleasing to find, now everywhere popular- 
— by descending lower into the arcana of the vegetable kingdom^ 
will find a still more interesting and delightful field of research in 
the objects brought under review in the following pages ^ — Preface. 
" The naturalist and the botanist will delight in this volume, and" 
those who understand little of the scientific parts of the work will 
linger over the mysterious page of nature here unfolded to their 
viewj** — John BulL 

Mansfield (C. B.)— a theory of salts, a Treatise 
on the Constitution of Bipolar (two-membered) Chemical Com- 
pounds. By the late Charles Blachford Mansfield. Crown 
8vo. I4r. 

*^ Mansfield,** says the editor, ^^ wrote this book to defend the prin^ 
ciple that the fact of voltaic decomposition afforded the true indi^ 
cation, if properly interpreted, of the nature of the saline structure^ 
and of the atomicity of the elements that built it up. No chemist 
'*^'" 'Peruse this book without feeling that he is in the presence of an 
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arigincU thinker^ whose pages are continually suggestive^ even 
though their general argument may not be entirely concurrent in 
direction with that of modem chemical thought" 

Mivart (St. George).— ON the genesis of species. 

By St. George Mivart, F.R.S. Crown 8vo. Second Edition, 
to which notes have been added in reference and reply to Darwin's 
** Descent of Man." With numerous Illustrations, pp. xv. 296. 

The aim of the author is to support the doctrine that the various 
species have been evolved by ordinary natural laws (for the most 
part unknown) controlled by the subordinate cution of ^^ natural 
selection," and at the same time to remind some that there is and 
can be absolutely nothing in physical science which forbids them to 
r^rd those natural laws as acting with the Divine concurrence, 
and in obedience to a creative fiat originally imposed on the primeval 
cosmos, " in the beginning" by its Creator, its Upholder, and its 
Lord. Nearly fifty woodcuts illustrate the letter-press, and a com- 
plete index makes all references extremely easy. Canon Kingsley, 
in his address to the ** Devonshire Association," says, ** Let mere- 
commend earnestly to you, as a specimen of what can be said on the 
other side, the ' Genesis of Species,' by Mr. St. George Mivart, 
F.R.S,, a book which lam happy to say has been received dsewhert 
cu it has deserved, and, I trust, will be received so among you." 
** In no work in the English language has this great controversy 
been treated at once with the same broad and vigorous grasp 
of facts, and the same liberal and candid temper." — Saturday 
Review. 

Nature — a weekly illustrated journal of 

SCIENCE. Published every Thursday. Price 4^/. Monthly 
Parts, \s. 4^/. and \s. Sd. ; Half-yearly Volumes, icxr. 6d. Cases for 
binding vols. is. 6d. 

'' Backed by many of the best names among English philosophers, and 
by a few equally valuable supporters in America and on the Conti- 
nent of Europe.^-^SaitaxdBy Review. * * This able and well-edited 
youmal, which posts up the science of the day promply, and 
promises to be of signal service to students and savants," — ^British 
Quarterly Review* 
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Oliver— Works by Daniel Oliver, F.R.S., F.L.S., Professor of 
Botany in University College, London, and Keeper of the Herba- 
rium and Library of the Royal Gardens, Kew : — 

LESSONS IN ELEMENTARY BOTANY. With nearly Two 
Hundred Illustrations. Twelfth Thousand. i8mo cloth. 4r. 6d, 

This book is designed to teach the elements of Botany on Professor 
Henslcvf s plan of selected Types and by the use of Schedules. The 
earlier chapters^ embracing the elements of Structural and Physio* 
logical Botany i introduce us to the methodical study of the Ordinal 
Types, The concluding chapters are entitled^ ** Bow to Dry 
Plants " and ** How to Deserve Plants^ A valuable Glossary is 
appended to the volume. In the preparation of this vaork free use 
hcu been made of the manuscript materials of the late Professor 
Henslow, 

FIRST BOOK OF INDIAN BOTANY. With numerous 
Illustrations. Extra fcap. 8vo. 6j. dd. 

This manucd is, in substance, the author's ** Lessons in Elementary 
Botany" adapted for use in India. In preparing it he has had in 
view the want, often felt, of some handy resume of Indian Botany, 
which might be serviceable not only to residents of India, btU also to 
any one about to proceed thither, desirous of getting sotne pre- 
liminary idea of the botany of the country. It contains a wd'^ 
digested summary of all essential knowledge pertaining to Indian 
Botany, wrought out in accordance with the best principles of 
scientific arrangement," — Allen's Indian Mail. 

Penrose (F. C.)— ON A method of predicting by 

GRAPHICAL CONSTRUCTION, OCCULTATIONS OF 
STARS BY THE MOON, AND SOLAR ECLIPSES FOR 
ANY GIVEN PLACE. Together with more rigorous methods 
for the Accurate Calculation of Longitude. By F. C. Penrose, 
F.R.A.S. With Charts, Tables, etc. 4to. \2s. 

The author believes that if by a graphic method, the prediction of 
occultations can be rendered more inviting, as well as more expedi- 
tious, than by the method of calculation, it may prove acceptable to 
the nautical profession as well as to scientific travellers or amateurs. 
The author has endeavoured to make the whole process as intelli' 
gible as possible, so tfwt the beginner, instead of merely having to 
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follow directions imperfectly understood, may readily comprehend 
the meaning of each step, and be able to illustrate theprcLctice by the 
theory. Besides all necessary charts and tables^ the work contains 
a large number of skeleton forms for working out ceases in 
practice. 

RoSCOe. — Works by HenRY E. Roscoe, F.R.S., Professor of 
Chemistry in Owens College, Manchester :— ' 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. With numerous Illustrations and Chromo- 
litho of the Solar Spectrum, and of the Alkalies and Alkalme 
Earths. New Edition. Thirty-first Thousand. i8mo. cloth. 

// has been the endeavour of the author to arrange the most important 
facts and principles of Modern Chemistry in a plain but concise 
and scientific form, suited to the present requirements of elementary 
instruction. For the purpose of facilitating the attainment of 
exactitude in the knowledge of the subject, a series of exercises and 
questions upon the lessons have been added. The metric system of 
weights and mectsures, and the centigrade th&rmometric scale, are 
used throughout this work. The new edition, besides new wood- 
cuts, contains many additions and improvements, and includes the 
most important of the latest discoveries. ** We unhesitaUngly pro- 
nounce it the best of all our dementary trecUises on Chemistry.*^ — 
Medical Times. 

SPECTRUM ANALYSIS. Six Lectures, with Appendices, En- 
gravings. Maps, and Chromolithographs. Royal 8vo. 21s. 

A Second Edition of these popular Lectures, containing all the most 
recent discoveries and several additional illustrations. *^ In six 
lectures he hcLS given the history of the discovery and set forth the 
facts reletting to the analysis of light in such a way that any reader 
of ordinary intelligence and information ivill be able to understand 
what *^ Spectrum Analysis* is, and what are its claims to rank 
among the most signal triumphs of science." — Nonconformist. 
* * The lectures themselves furnish a most admirable elementary 
treatise on the subject, whilst by the insertion in appendices to each 
lecture of extracts from the most important published memoirs, the 
author has rendered it equally valuable as a text-book for cuivanced 
students." — Westminster Review. 
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Stewart (B.)— lessons in elementary physics. 

By Balfour Stewart, F.R.S., Professor of Natural Philosophy 
in Owens College, Manchester. With nomeroos Illustrations and 
Chromolithos of the Spectra of the Sun, Stars, and Nebulse. Second 
Edition. iSmo. 4;. 6</. 

A description^ in an eUmentary manner^ of the most important of 
those laws which regulate the phenomena of nature. The active 
agents f heat,\ light, electricity , etc., are regarded as varieties of 
energy, and the Tvork is so arranged that their relation to one 
another, looked at in this light, and the paramount importance of 
the laws of energy, are clearly brought out. The volume contains 
all the necessary illustrations. The Educational Times calls this 
*Uhe beau-ideal of a scietitific text-book, clear, accurate, and 
thorough,** 

Thudichum and Duprc. — ^a TREATISE ON THE 

ORIGIN, NATURE, AND VARIETIES OF WINE. 
Being a Complete Manual of Viticulture and CEnology. By. J. L. 
W. Thudichum, M.D., and August Dupr£, Ph.D., Lecturer 
on Chemistry at Westminster HospitaL Medium 8vo. doth 
gUt. 25J. 

In this elaborate work the subject of the manufacture of wine is 
treated scientifically in minute detail, from every point of view, A 
chapter is devoted to the Origin and Physiology of Vines, two to the 
Principles of Viticulture; while other chapters treat of Vintage and 
Vinification, the Chemistry of Alcohol, the Acids, Ether, Sugars, 
and other matters occurring in wine. This introductory matter 
occupies the first nine chapters, the remaining seventeen chapters 
being occupied with a detailed account of the Viticulture and the 
Wines of the various countries of Europe, of the Atlantic Islands^ 
of Asia, of Africa, of America, and of Australia, Besides a 
number of Analytical and Statistical Tables, the work is enriched 
with eighty five illustrative woodcuts, *'A treatise almost unique 
for its usefulness either to the wine-grower^ the vendor, or the con* 
sumer of wine. The analyses of wine are the most complete we 
have yet seen, exhibiting at a glance the constituent principles of 
nearly all the wines known in this country,** — Wine Trade Review. 

Wallace (A. R.)— contributions to the theory 

OF NATURAL SELECTION. A Series of Essays. By 
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Alfred Russel Wallace, Author of " The Malay Archipelago," 
etc. Second Edition, ^th Corrections and Additions. Crown 
Svo. &r.6^. (For other Works by the same Author, see Cata- 
logue OF History and Travels.) 

Mr, WalUue has good claims to be considered as an independent 
originator of the theory of natural selection, Dr, Hooker^ in 
his address to the British Association^ spoke thus of the author: 
**0f Mr, Wallctce and his many contributions to philosophical 
biology it is not easy to speak without enthusiasm; for^ putting 
aside their great merits^ he, throughout his writings, with a 
modesty as rare as I believe it to be unconscious, forgets his own 
unquestioned claim to the honour of having originated, indepen^ 
dently of Mr, Darwin, the theories which he so ahly defends,^* 
The Saturday Review says : ^*He has combined an abundance of 
fresh and original facts with a liveliness and sagacity of reckoning 
'which are not often displayed so effectively on so small a scale,^* 
The Essays in this volume are : — I, *^ On the Law which hus regU" 
Jated the introduction of New Species J* II, ^^ On the Tendencies of 
Varieties to depart indefinitely from the Original Type," III, ^^ Mi- 
micry, and other Protective Resemblatices among Animals," IV. 
*' The Malayan Papilionidce, as illustrative of the Theory of 
Natural Selection," V, "On Instinct in Man and Animals." 
VL ''The Philosophy of Birds' Nests," VII, ''A Theory of 
Bird^ Nests," VIII, '' Creation by Law," IX, '' The Develops 
ment of Human Races under the Law of Natural Selection," 
X, ** The Limits of Natural Selection as applied to Man," 

^Warington. — THE WEEK OF CREATION; OR, THE 
COSMOGONY OF GENESIS CONSIDERED IN ITS 
RELATION TO MODERN SCIENCE. By George War- 
INGTON, Author of ** The Historic Character of the Pentateuch 
Vindicated." Crown 8vo. 4^. (id. 

The greater part of this work it taken up with the teaching of the 
Cosmogony. Its purpose is also investigated, and a chapter is 
devoted to the consideration of the passage in which the difficulties 
occur, "A very able vindication of the Mosaic Cosmogony, by a 
writer who unites the advantages of a critical knowledge of the 
Hebrew text and of distinguished scientific attainments" — 
Spectator. 
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Wilson. — ^Works by the late George Wilson, M.D., F.R.S.E., 
Regius Professor of Technology in the University of Edinburgh : — 

RELIGIO CHEMICI. With a Vignette beautifully engraved after 
a design by Sir Noel Paton. Crown Svo. %s, 6d. 

•* George Wilson*^ says the Preface to this volume, **had it in his heart 
for many years to write a hook corresponding to the Religio Medici 
of Sir Thomas Browne, with the title Religio Chemici. Several 
of the Essays in this volume were intended to form chapters of it. 
These fragments being in most cases like finished gems waiting to be 
set, some of them are now given in a collected form to his friends 
and the public. In living remembrance of his purpose, the name 
chosen by himself has been adopted, although the original design 
can be bui very faintly represented .^^ The Contents of the volume 
are:— *^ Chemistry and Natural Theology." " The Chemistry of 
the Stars; an Argument touching the Stars and their Inhabitants,^* 
^* Chemical Final Causes; as illustrated by the presence of Phos- 
phorus. Nitrogen, and Iron in the Higher Sentient Organisms,** 
** Robert Boyle." **fVollaston." '' Life and Discoveries of DaUon.** 
** Thoughts on the Resurrection; an Address to Medical Students." 
**A more fascinating volume," the Spectator says, ** has seldom 
fallen into our hands. " The Freeman says: *'■ These papers are all 
valuable and deeply interesting. The production of a profound 
thinker, a suggestive and eloquent writer^ and a man whose piety 
and genius went hand in hand." 

THE PROGRESS OF THE TELEGRAPH. Fcap. 8vo. is. 

** While a complete view of the progress of the greatest of human 
inventions is obtained, all its suggestions are brought out with a 
rare thoughtfulness, a genial humour, and an exceeding beauty of 
utterance," -^'i^onconiormSst. 

Winslow.— FORCE AND NATURE : ATTRACTION AND 
REPULSION. The Radical Principles of Energy graphically 
discussed in their Relations to Physical and Morphological De- 
velopment. By C. F. Winslow, M.D. 8vo. 14?. 

The author having for long investigated Nature in many directions, 
has ever felt unsatisfied with the physical foundations upon which 
some branches of scietue have been so long^ compelled to rest. The 
question, he believes, must have occurred to many astronomers and 
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physicists whether some subtle principle antagonistic to attraction 
does not also exist as an all-pervading element in nature^ and S0 
operate as in som^ way to disturb the action of what is generally 
considered by the scicfttific world a unique force. The aim of the 
present work is to set forth this subject in its broadest aspects^ and 
in such a manner as to inviie thereto the attention of the learned. 
The subjects of the eleven chapters are : — /. ^* Space." II. ** Matter." 
Ill *' Inertia, Force, and Mind." IV. ''Molecules." V. 
'' Molecular Force." VI. '' Union and Inseparability of Matter 
and Force." VII. and VIII. ''Nature and Action of Force — 
Attraction — Repulsion." IX. "Cosmical Repulsion. X. "Me- 
chanical Force." XI. "Central Forces and Celestial Physics." 
"Deserves thoughtful and conscientious study." — Saturday Review. 

WurtZ.— A HISTORY OF CHEMICAL THEORY, from the 
Age of Lavoisier down to the present time. By Ad. "Wurtz. 
Translated by Henry Watts, F.R.S. Crown 8vo. 6j. 

" The discourse, as a resum^ of chemical theory and research, unites 
singular luminousness and grasp. A few judicious notes are added 
by the translator." — Pall Mall Gazette. " The treatment of the 
subject is admirable, and the translator has evidently done his duty 
most efficiently." — Westminster' Review. 



WORKS IN PHYSIOLOGY, ANATOMY, AND 
MEDICAL WORKS GENERALLY. 



AUbutt (T. C.)— ON THE USE OF THE OPHTHALMO- 
SCOPE in Diseases of the Nervous System and of the Kidneys ; 
also in certain other General Disorders. By Thomas Clifford 
Allbutt, M.A., M.D. Cantab., Physician to the Leeds General 
Infirmary, Lecturer on Practical Medicine, etc. etc. 8vo. i$s. 

The Ophthalmoscope has been found of the highest value in the ini'es- 
ligation of nervous diseases. But it is not easy for physicians who 
have left tlie schools, and are engaged in practice, to take up a Hi^q 
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instrument which requires much skill in using; it is therefore 
hop^ that by such the present volume^ containing the results of the 
author's extensive use of the instrument in diseases of the nervous 
system^ will be found of high value; and that to all students it may 
prove a useful hand-book. After four introductory chapters on the 
history and value of the Ophthalmoscope^ and the manner of investi- 
gating the states of the optic nerve and retifia^ the author treats of 
the various diseases with which optic changes are associated^ and 
describes the way in which such associations take place. Besides 
the cases referred to throughout the volume, the Appendix con- 
tains details of 12^ cases illustrative of the subjects discussed in the 
text, and a series of tabulate cases to show the Ophthalmoscopic 
appearances of the eye in Insanity, Mania, Dementia, Melancholia 
and Monomania, Idiotcy, and General Paralysis. The volume is 
illustrate with two vcUuable coloured plates of morbid appearances 
of the eye under the Ophthalmoscope. **By its aid men will no 
longer be compelled *o work for years in the dark; they will have a 
definite standpoint whence to proceed on their course of investigation,^* 
— Medical Times. 

Anstie (F. E.)— NEURALGIA, AND DISEASES WHICH 
RESEMBLE IT. By Francis E. Anstie, M.D., M.R.C.P., 
Senior Assistant Physician to Westminster Hospital. 8vo. los. (yd, 

Dr„ Anstie is well known as one of the greatest living authorities on 
Neuralgia. The present treatise is the result of many years' careful 
independent scientific investigation into the nature and proper treat- 
ment of this most painful disease. The author has had abundant 
means of studying the subject both in his own person and in the 
hundreds of patietUs that have resorted to him for treatment. He 
has gone into the whole subject indicated in the title ab initio, and 
the publishers believe it will be found that he has presented it in an 
entirely original light, and done much to rob this excruciating and 
hitherto refractory disease of many of its terrors. The Introduction 
treats briefly of Pain in General, and contains some striking and 
even original ideas as to its nature and in referetue to sensation 
generally. 

Barwell. — the causes and treatment of lateral 

CURVATURE OF TI?E SPINE, Enlarged from Lectures 
published in the Lancet, ^y Richard Barwell, F.R.C.S., 
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Surgeon to and Lecturer on Anatomy at the Charing Cross Hospital. 
Second Edition. Crown 8vo. 4J. 6d. 

Having failed to find in books a satisfactory theory of those conditions 
which produce lateral curvature, Mr. Barwell resolved to investi- 
gate the subject for himself ab initio. The present work is the 
result of long and patient study of Spines, normal and abnormal. 
He believes the views which he hcts been led to form account for those 
essential characteristics which have hitherto been left unexplained ; 
and the treatment which he advocates is certainly less irksome, and 
will be found more efficcudous than that which has hitherto been 
pursued. Indeed, the mode in which the first edition hcts been 
received by the profession is a gratifying sign that Mr. Barwell* s 
principles have made their value and their weight felt. Many 
pages and a number of woodcuts have been added to the Second 
Edition. 

Corfield (Professor W. H.)— a digest of facts 

RELATING TO THE TREATMENT AND UTILIZATION 
OF SEWAGE. By W. H. Corfield, M.A., B.A., Professor 
of Hygiene and Public Health at University College, London. 
8vo. lay. dd. Second Edition, corrected and enlarged. 

T^ author in the Second Edition hcts revised and corrected the entire 
work, and made many important additions. The headings of the 
eleven chapters are as follow: — /. ** Early Systems: Midden- Heaps 
and Cesspools." II. ''Eilth and Disease — Cause and Effect." 
III. ^* Improved Midden-Pits and Cesspools; Midden- Closets, Pail- 
Closets, etc." IV. ''The Dry-Closet Systems. V. ''Hater-Closets." 
VI. "Sewerage." VII. "Sanitary Aspects of the fVater- Carrying 
System." VIII. "Value of Sewage; Injury to Rivers." IX. 
"Town Sewage; Attempts at Utilisation." X. "Filtration and 
Irrigation." XI. "Influence of Sewage Farming on the Public 
Health." An abridged account of the more recently published 
researches on the subject will be found in the Appendices, while 
the Summary contains a concise statement of the views which the 
author himself has been led to adopt: references have been inserted 
throughout to showfrpm what sources the numerous quotations have 
been derived, and an Index has been added. "Mr. Corfield s work 
is entitled to rank as a standard authority, no less than a con' 
venient handbook, in all matters relating to sewage." —Mhtnz^wm, 
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Elam (C.)— A PHYSICIAN'S PROBLEMS. By Charles 
ELAM, M.D., M.R.C.P. Crown 8vo. gj. 

Contents :— ** Natural Heritage.^* ** On Degeneration in Man.^' 
" On Moral and Criminal Epidemics:' ''Body v. Mind," ** Il- 
lusions and Hallucinations :' ''On Somnambulism, "Reverie 
aftd Abstraction. " These Essays are intended as a contribution to 
the Natural History of those outlying regions of Thought and 
Action whose domain is the debateable ground of Brain, Nerve, 
and Mind. Th^ are designed also to indicate the origin and mode 
of perpetuation of those varieties of organization, intelligence, and 
general tendencies towards vice or virtue, which seem to be so 
capriciously developed among mankind. They also point to causes 
for the infinitely varied forms of disorder of nerve and brain — 
organic and functional— far deeper and more recondite than those 
generally believed in. " The book is one which all statesmen, 
magistrates, clergymen, medical men, and parents should study and 
inwardly digest." — Examiner. 

Fox. — Works by WiLSON Fox, M.D. Lond., F.R.C.P., Holme 
Professor of Clinical Medicine, University College, London, 
Physician Extraordinary to her Majesty the Queen, etc ; — 

ON THE DIAGNOSIS AND TREATMENT OF THE 
VARIETIES OF DYSPEPSIA, CONSIDERED IN RELA- 
TION TO THE PATHOLOGICAL ORIGIN OF THE 
DIFFERENT FORMS OF INDIGESTION. Second Edition. 
8yo. 7j. (>d. 

ON THE ARTIFICIAL PRODUCTION OF TUBERCLE IN 
THE LOWER ANIMALS, With Coloured Plates. 4to. 5j. 6d. 

In this Lecture Dr. Fox describes in minute detail a large number of 
experiments made by him on guinea-pigs and rabbits for the pur- 
pose of inquiring into the origin of Tubercle by the agency of direct 
irritation or by septic matters. This method of inquiry he believes 
to be one of the most important cuivances which have been recently 
made in the pathology of the disease. The work is illustrated by 
three plates, each containing a number of carefully coloured illus- 
trations from nature. 

ON THE TREATMENT OF HYPERPYREXIA, as Illustrated 
in Acute Articular Rheumatism by means of the External Applica- 
tion of Cold. 8vo. 2J. dd. 
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The object of this work is to show that the class of cases ificludid under 
the titUt and which have hitherto been invariably fat4t, may^ by 
a judicious use of the cold bath and without venesection, be brought 
to a favourable termination. Minute details are given of the 
successful treatment by this method of two patients by the author y 
followed by a Commentary on the cases, in which the- merits of the 
mode of treatment are discussed and compared with those of methods 
followed by other eminent practitioners. Appended are tables of the 
observations made on the temperature during the treatment; a table 
showing the effect of the immersion of the patients in the bctths em- 
ployed, in order to exhibit the rate at which the temperature was 
lowered in each ccLse; a table of the chief details of twenty-two 
cases of this class recently published, and which are referred to in 
various parts of the Commentary. Tkvo Charts are also introduced, 
giving a connected view of the progress of the two successful cases, 
and a series of sphygmo^raphic tracings of the pulses of the two 
patients. **A cliniccU study of rare value. Should be read by 
eveiy one^ — Medical. Press and Circular. 

Galton (D.)— AN ADDRESS ON THE GENERAL PRIN- 
CIPLES WHICH SHOULD BE OBSERVED IN THE 
CONSTRUCTION OF HOSPITALS. Delivered to the British 
Medical Association at Leeds, July 1869. By Douglas Galton, 
C.B., F.R.S. Crown 8 vo. "^s. 6d. 

In this Address the author endeavours to enunciate what are those 
principles which seem to him to form the starting-point from which 
all architects should proceed in the construction of hospitals. Be- 
sides. Mr. Gallon^ s paper the book contains the opinions expressed in 
the subsequent discussion by several eminent medical men, such as 
Dr. Kennedy, Sir James Y. Simpson, Dr. Hughes Bennet, and 
others. The work is illustrated by a number of plans, sections, and 
other cuts. **An admirable exposition of those conditions of struc- 
ture which most conduce to cleanliness, economy, and convenience.^^ 
— Times. 

Harjey ( J.)r-THE OLD vegetable neurotics, Hem- 
lock, Opium, Belladonna, and Henbane ; their Physiological 
Action and Therapeutical Use, alone and in combination. Being 
the Gulstonian Lectures of 1868 extended, and including a Complete 
Examination of the Active Constituents of Opium. By John 
Harley, M.D. Lond., F.R.C.P., F.L.S., etc. 8yo. \2s. 
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T%e author's object throughout the investigations and experiments on 
which this volume is founded has been to ascertain^ clearly and 
definitely ^ the action of the drugs employed on the healthy body in 
medicinal doses ^ from the smallest to the largest ; to deduce simple 
practical conclusions from the facts observed ; and then to apply the 
drug to the relief of the particular conditions to which its action 
appaired suited. Many experiments have been made by the author 
both on men and the lower animus ; and the author's endeavour 
has been to present to the mindy as far as words may do^ impres- 
sions of the actual condition of the individual subjected to the 
drug, ** Those who are interested generally in the progress of 
medical science will find much to repay a careful perusal.''* — 
Athenaeum. 

Hood (Wharton).— ON bone-setting (so called), and 
its Relation to the Treatment of Joints Crippled by Injury, Rheu- 
matism, Inflammation, etc. etc. By Wharton P. Hood, 
M.D., M.R.C.S. Crown 8vo. 4^.6^. 

The author for a period attended the London practice of the late Mr. 
Hutton, the famous and successful bone-setter ^ by whom he was 
initiated into the mystery of the art and practice. Thus the author 
is amply qualified to write on the subject from the practical point of 
vieWf while his professional education enables him to consider it in 
its scientific and surgical bearings. In the present work he gives a 
brief account of the salient features of a bone-setter's method of pro- 
cedure in the treatment of damaged joints, of the results of that treat- 
ment , and of the class of cases in which he has seen it prove successful. 
J he author's aim is to give the rationale of the bone-setter's practice, 
to reduce it to something like a scientific method , to show when force 
should be resorted to and when it 'should not, and to initiate 
surgeons into the secret of Mr. Hutton's successful manipulation. 
Throughout the work a great number of authentic instances of 
successful treatment are given, with the details of the method of 
cure ; and the Chapters on Manipulations and Affections of the 
Spine are illustrated by a number of appropriate and well-executed 
cuts. " Dr. Hood's book is full of instruction, and should be read 
by all surgeons,^"* — Medical Times. 

Humphry.— THE HUMAN SKELETON (including the joints). 
By G. M. Humphry, M.D., F.R.S. With 260 Illustrations, 
drawn from nature. Medium 8vo. 2%s. 



PHYSIOLOGY, ANATOMY, ETC. 39 



In lecturing on the Skeleton it kas. bieii the author^ s practice^ instead 
of giving a detailed ctccount of the several parts^ to request his 
students to get up the descriptive anatomy of certain bones^ with the 
aid of some work on osteology. He afterwards tested their acquire- 
ments by examination^ endeavouring to ^supply deficiencies and 
correct errorsy adding also such information— physical, physiologi- 
cal^ pathological f and practical — aj he had gathered from his own 
observation and researches, and which wcu likely to be useful and 
excite an interest in the subject. This additional information 

forms, in great part, the material of this volume, which is intended 
to be supplementary to existing works on anatomy. Considerable 
space has been devoted to thf description of the joints, because it is 
less fully given in other works, and because an accurate knowledge 
of the structure and pectdiar form of the joints is essential to a 
corrKt knowledge of their movements. The numerous illustrations 
were all drawn upon stone from nature ; and in most instances, 

from specimens prepared for the purpose by the author himself 
** Bearing at once the stamp of the accomplished scholar, and 
evidences of the skilful anatomist. We express our admiration of 
the drawings.** — Medical Times and Gazette. 

Huxley's Physiology .—See p. 24, preceding. 

Journal of Anatomy and Physiology. 

Conducted by Professors Humphry and- Newton, and Mr. Clark 
of Cambridge, Professor Turnkik of Edinburgh, and Dr. 
Wright of Dublin. Published twice a year. Old Series, Parts 
I. and II., price ^s. 6d. each. Vol. I. containing Parts I. and II., 
Royal 8vo., lbs. New Series, Parts I. to IX. 6s. each, or yearly 
Vols. I2s,, 6^ each. 

Lankester.— COMPARATIVE LONG^EVITY IN MAN AND 
THE LOWER ANIMALS. By E. Rax Lankester, B.A. 
Crown 8vo. 4J. dd. 

This Essay gained the prize offered by the University of Oxford for 
the best Paper on the subject of which it treats. _ This interesting 
subject is here treated in a thorough manner, bqth scientifically and 
stafiftifally. 

Maclaren^— TRAINING; IN theory and practice. 

By Archibald Maclaren, thq GymnajiiuiTi, Oxford. 8vo. 
Handsomely bound ip, cloth, 7/* ^t 
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The ordinary agents of health are Exercise^ Diety Sleeps Aif, Bath* 
ingy and Clothing. In this work the author examines each of 
these agents in detail^ and from two different points of view. Firsty 
as to the manner in which it is, or should de, administered under 
ordinary circupistances : and secondly^ in whai manner and to 
what extent this mode of administration is, or should be, edteredfor 
purposes of training ; the object of ** training " according to the 
author y being ** to put the body, with extreme and exceptional care, 
under the influence of all the agents which promote its health and 
strength, in order to enable it to meet extreme and exceptional de- 
mands upon its energies.''^ Appended are various diagrams and 
tables relating to boat-racing, and tables connected with diet and 
training. " The philosophy of human health has seldom received 
so apt an exposition." — Globe. ** Afier all the notisense that has 
been written about training, it is a comfort to get hold of a 
thoroughly sensible book at last.''* — ^John Bull. 

Macpherson. — Works by John Macpherson, M.D. :— 

THE BATHS AND WELLS OF EUROPE ; Their Action and 
Uses. With Hints on Change of Air and Diet Cures. With a 
Map. Extra fcap. 8vo. 6j. (>d. 

This work is intended to supply information which wUl afford aid in 
the selection of such Spas as are suited for particular cases. It 
exhibits a sketch of the present condition of our knowledge on the 
subject of tJie operation of mineral waters, gathered from the 
author's personal observation, and from every other available 
source of information. It is diznded into four books, and each 
book into several chapters: — Book I. Elements of Treatment, in 
which, among other matters, the external and internal uses of water 
are treated of II. Bathing, treating of the various kituis of baths. 

III. Wells, treating of the various kinds of mineral waters. 

IV. Diet Cures, in which various vegetable, milk, and other 
" cures " are discussed. Appended is an Index of Diseases noticed, 
and one of places named. Prefixed is a sketch map of tlu principal 
baths and places of health-resort in Europe. ^^ Dr. Macpherson 
has given the kind of information which every medical practitioner 
ought to possess.*^ — The Lancet. " Whoever wants to know th^ 
real chctracter of any health-resort must read Dr. Macphersvn'' s 
book."" — Medical Times. 
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Macpherson {},)~continued, 

OUR BATHS AND WELLS : The Mineral Waters of the BritisK 
Islands, with a List of Sea*bathing Places. Extra fcap. 8vo. 
pp. XV. 205. 3 J. 6</. 

£>r, Macpherson has divided his work into five parts. He begins by 
a few introductory observatiotis on bath life^ its circumstances y uses^ 
and pleasures ; he then explains in detail the composition of the 
various minercU waters^ and poitUs out the special curative pro- 
perties of each dctss. A chapter on **The History of British 
IVells " from the earliest period to the present tivie forms the 
natural transition to the second part of this veluvic^ li^nch treats of 
the different kinds of mineral waters in England, whether pure, 
thermal and earthy, saline, c/ialybeate, or sulphur. Wales, Scot- 
land, and Ireland supply tJie materials for distinct sections. An 
Index of mineral waters, one of sea-bathing places, and a third of 
wells of pure or nearly pure water, terminate the book. ^^This little 
volume forms a very available fiandbook for a large class of 
invalids, "—Nonconformist. 

Maudsley. — Works by Henry MaUdslIey, M.D., Professor of 
Medical Jurisprudence in University College, London : — 

BODY AND MIND : An Inquiry into their Connection and 
Mutual Influence, specially in reference to Mental Disorders ', being 
the Gulstonian lectures for 1870. Delivered before the Royal 
College of Physicians, Crown 8vo. 5^. 

The volume consists of three Lectures and two long Appendices, the 
general plan of the whole being to bring Man, both in his physical 
and mental relations, as much as possible under t^ie scope of scientific 
inquiry. The first Lecture is devoted to an exposition of the physical 
conditions of mental function in health. In the second Lecture are 
sketched the feature of some forms of degeneracy of mind, as exhibited 
in morbid varieties of the human kind, vfith the purpose of bringing 
prominently into notice the operation of physical causes from 
getieration to generation, and the relationship of mental to other 
diseases of the nervous system. In the third Lecture are displayed 
the relations of morbid states of the body and disordered mental 
function. Appendix I. is a criticism of the Archbishop of Yorf^s 
address on " The Limits of Philosophical Inquiry. ^^ Appendix II. 
deals iviih the ^* Thecry of Vitality, ^^ in which the author en- 
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Maudslcy i^.)—<onHnued. 

deavours to set forth the reflections which facts seem to warrant. 
**It distinctly marks a step in the progress of scientific psychology.** 
— The Practitioner. 

THE PHYSIOLOGY AND PATHOLOGY OF MIND. 
Second Edition, Revised. 8vo. i6j. 

This work is the result of an endeavour on the author's part to arrive 
at some definite conviction with regard to the physical conditions of' 
mental function^ and the relation of the phenomena of sound and 
unsound mind. The author's aim throughout has been twofold r 
I. To treat of mental phenomena from a physiological rather than, 
from a metaphysical point of view. II. To bring the manifold 
instructive instances presented by the unsound mind to bear upon 
the interpretation of the obscure problems of mental science. In the 
first part, the author pursues his independent inquiry into the 
science of Mind in the same direction as that followed by Bain, 
Spencer, Laycock, and Carpenter ; and in the second, he studies 
the subject in a light which, in this country at Imst, is almost 
entirely novd. ^^ Dr. Maudsle^s work, which has already become 
standard, we most urgently recommend to the careful study of 
all those who are interested in the physiology and pathology of the 
brain.*^ — Anthropological Review. 

Practitioner (The). — a Monthly Journal of Therapeutics. 
Edited by Francis E. Anstie, M.D. 8vo. Price is, 6d, 
Vols. I to VII. 8vOi (jloth. lor. 6d. each. 

Radcliffe.— -DYNAMICS OF NERVE AND MUSCLE. By 
Charles Bland Radcliffe, M.D., F.R.C.P., Physician to the 
Westminster Hospital, and to the National Hospital for the 
Paralysed and Epileptic, ^rown 8vo. 8x. 6d. * 

This work contains the result of the author's long investigations into the 
Dynamics of NerveqautMuscle, as connected wi^h Animal Electricity. 
The author endeavours to show from these researches that the state 
of action in nerve and muscle, instead of being a manifestation of 
vitality, must be brought under the domain of physical law in order 
to be intelligible, and that a different meaning, also bcLsed upon pure 
physics, must be attached to the state of rest. ** The practitioner 
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will find in Dr. Radcliffe a ^guide^ philosopher, and friend y from 
whose teaching he cannot faU to reap a plentiful harvest of new and 
valuable ideas" — Scotsman. 

Reynolds.— A system OF MEDICINE. Vol. I. Edited 
by J. Russell Reynolds, M.D., F.R.C.P. London. Second 
Edition. 8vo. 25J. 

Part I, General Diseases, or Affections of the Whole System, 
§ /. — Those determined by agents operating from without, such as 
the exanthemata, malarial diseases, and thtir allies. % II. — Those 
determined by conditions existing within the body, such as Gout, 
Rheumatism, Pickets, etc. Part II. Local Diseases, or ^ \jfections 
of particular Systems. § /. — Diseases of the Skin. 

A SYSTEM OF MEDICINE. Vol. II. Second Edition in the 
Press. 8vo. 25^. 

Part II. Local Diseases (continued)^ § /. — Diseases of the Nervous 
System. A. General Nervous Diseases. B. Partial Diseases of 
the Nervous System, i. Dismses of the Head. 2. Disectses of the 
Spinal Column. 3. Diseases of the Nerves. § //. — Diseases of 
the Digestive System. A. Diseases of the Stomach. 

A SYSTEM OF MEDICINE. Vol. III. 8vo. 25J. 

Part II Local Disectses (continued). % II. Diseases of the Digestive 
System (continual). B. Diseases of the Mouth. C. Diseases of 
the Fauces, Pharynx, and (Esophagus. D. Dismses of the In- 
testines. E. Diseases of the Peritoneum. F. Diseases of the 
Liver. G. Diseases of the Pancreas, § ///. — Diseases of the 
Respiratory .System. A. Diseases of the Larynx, B. Diseases of 
the Thoracic Organs. ^^ One of the best and most comprehensive 
treatises on Medicine which have yet been attempted in any country." 
— Indian Medical Journal. **Cofttains some of the best essays 
that have lately appeared, and v a complete library in itself" — 
Medical Press. 

Seaton.— A handbook of vaccination. By Edward 
C. Seaton, M.D., Medical Inspector to the Privy Council. Extra 
fcap. Svo. 8j. 6d. 

The author' s object in putting forth this work is twofold: First, t0 
provide a text-book on the science and practice af Vaccination for 
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the use of younger practitioners and of medical students ; secondly ^ 
to give what assistance he could to those engaged in the administr-a^ 
tion of the system of Public Faccination established in England, 
For many years past^ from the nature of his office^ Dr. Seaton has 
had constant intercourse in reference to the subject of Vaccination, 
with medical men who are interested in.it, and especially with that 
large part of the profession who are engaged as Public Vacci' 
nators. All the varieties of pocks, both in men and the lower 
animals, are trotted of in detail, and mtich valuable information 
given on all points connected -aoith lymph, and minute instructions 
as to the niceties and cautions which so greatly influence success 
in yacciftationi The administrative sections of the work will be 
of interest and value, not only to medical practitioners, but to 
many others to whom a right understanding of the principles on 
which a system of Public, Vaccination should he based is indis- 
pensable. ^^ Henceforth the indispensable handbook of Ihiblic Vacci- 
nation, and the standard authority on this great subject,** — British 
Medical Journal. 

Symonds (J. A., M.D.)— MISCELLANIES. By John 
Addington Svmonds, M.D. Selected and Edited, with an 
Introductory Memoir, by his Son. 8vo. *js. (>d. 

The late Dr. Symonds of Bristol was a man of a singularly versatile 
and elegant as well as powerful and scientific intellect. In order 
to make this selection from his tfiany works generally interesting, 
the editor has confined himself to works of pure literature, and to 
such scientific studies as had a general phdpsophiccU or social 
interest. Among the general subjects are articles on ^^ the Principles 
of Beauty,** on ^^ Knowledge,** and a *^Life of Dr, Prichard ;** 
among the Scientific Studies are papers on ^* Sleep and Dreams,** 
^^Apparitions,** ^Uhe Relations between Mind and Muscle,** 
*^^ Habit,** etc.; there are several papers on *Uhe Social and 
Politifal Aspects of Medicine ; '* and a few Poet/is and Transla- 
tions selected from a great number of equal merif. **A collection of 
graceful essays on general and scientific subjects,, by a very accom- 
plished physician. "—-Graphic. 



WORKS ON MENTAL AND MORAL 
PHILOSOPHY, AND ALLIED SUBJECTS. 

Aristotle. — an INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Notes, and Appendices. By E. 
M. Cope, Trinity College, Cambridge, 8vo. 14J. 

This work is introductory to an edition of the Greek Text of AristotUs 
Rhetoric^ which is in course of preparation. Its object is to render 
that treatise thoroughly intelligible. The author has aimed to 
illustratey as preparatory to the detailed explanation of the work, the 
general bearings and relations of the Art of Rhetoric in itself as 
well as the special mode of treating it adopted by Aristotle in his 
peculiar system. The evidence upon obscure or doubtful questions 
connected with the subject is examined; and the relations which 
Rhetoric bears, in AristotUs view, to the kindred art of Logic are 
fully considered. A connected Analysis of the work is given, and 
• a few important matters are separately discussed in Appendices. 
There is added, as a general Appendix, by way of specimen of the 
antagonistic system of Isocrates and others, a complete analysis oj 
the treatise called 'P-iyropixi^ irp^s *Pi\i^aifZpov, with a discussion of 
its authorship and of the probable results of its teaching. 

ARISTOTLE ON FALLACIES; OR, THE SOPHISTICI 
ELENCHI. With a Translation and Notes by Edward Poste, 
M A., Fellow of Oriel College, Oxford. 8vo. 8j. 6d^ 

Besides the doctrine of Fallacies, Aristotle offers, either in this treatise 
or in other passages quoted in the Commentary, various glances 
over the world of science and opinion, various suggestions or pro- 
blems which are still agitated, and a vivid picture of the ancient 
system of dialectics, which it is hoped may be found both interesting 
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and instructive. '•'•It will be an assistance to genuine students of 
Aristotle." — Guardian. **It is indeed a work of great skill,** — 
Saturday Review. 

Butler (W. A.), I^te Professor of Moral Philosophy in the 
University of Dublin : — 

LECTURES ON THE HISTORY OF ANCIENT PHILO- 
SOPHY. Edited from the Author's MSS., with Notes, by 
William Hepworth Thompson, M.A., Master of Trinity 
College, and Regius Professor of Greek in the University of 
Cambridge. Two Volumes. 8vo. i/. $s. 

These Lectures consist of an Introductory Series on the Science of Mind 
generally f and five (^her Series on Ancient Philosophy ^ the greater 
part of which treat of Plato aftd the Platonists^ the Fifth Series 
being an unfinished course on the Psychology of .Aristotle^ contain- 
ing an able Analysis of the well known though by no means well 
understood Treatise^ irepi ^^^x^^' These Lectures are the result of 
patient and conscientious examination of the original documents^ 
and may be considered as a perfectly independent contribution to our 
knowledge of the great master of Grecian wisdom. The author's 
intimate familiarity with the metaphysical Turnings of the last 
century^ and especially with the English and Scotch School of 
Psychologists^ has enabled him to illustrate the subtle speculations 
of which he treats in a manner calculated to render them more 
intelligible to the English mind than they can be by writers trained 
solely in the technicalities of modern German schools. The editor 
hcts verified all the references, and added valuable Notes, in which 
he points out sources of more complete information. The Lectures 
constitute a History of the Platonic Philosophy — its seed-time^ 
maturity, and decay. 

SERMONS AND LETTERS ON ROMANISM.- See Theo- 
logical Catalogue. 

Calderwood,— PHILOSOPHY OF the infinite: a 

Treatise on Man's Knowledge of the Infinite Being, in answer to 
Sir W. Hamilton and Dr. Mansel. By the Rev. Henry 
Calderwood, M.A., LL.D., Professor of Moral Philosophy in 
the University of Edinburgh. Cheaper Edition. 8vo. ^s. 6d, 
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The purpose of this volume is^ by a careful analysis of consciousness ^ 
toprovCf in opposition to Sir IV. Hamilton and Mr, Mansely that 
man possesses a notion of an Infinite Being, and to ascertain the 
peculiar nature of the conception and the particular relations in 
which it is found to arise. The province of Faith as related to that 
of Knowledge, and the characteristics of Knowledge and Thought 
as bearing on this subject, are examined; and separate chapters are 
devoted to the consideration of our knowledge of the Infinite as 
First Cause, as Moral Governor, and as the Object of Worship, 
**A book of great ability .... written in a clear style, and may 
be easily understood by even those who are not versed in such 
discussions." — British Quarterly Review. 

Elam.— A PHYSICIAN'S PROBLEMS. — See Medical 
Catalogue, preceding. 

Galton (Francis).— HEREDITARY GENIUS : An Inquiry 
into its Laws and Consequences. See Physical Science 
Catalogue, preceding. 

Green (J. H.)— spiritual PHILOSOPHY; Founded on 
the Teaching of the late Samuel Taylor Coleridge. By the 
late Joseph Henry Green, F.R.S., D.C.L. Edited, with a 
Memoir of the Author's Life, by John Simon, F.R.S., Medical 
Officer of Her Majesty's Privy Council, and Surgeon to St. 
Thomas's Hospital Two Vols. 8vo. 25J. 

The late Mr. Green, the eminent surgeon, wets for many years the 
intimate friend and disciple of Coleridge, and an ardettt studetit of 
philosophy. The language of Coleridgis will imposed on Mr. 
Green the obligation of devoting, so far as necessary, the remainder 
of his life to the one task of systematising, developing, and establish- 
ing the doctrines of the Coleridgian philosophy. With the assist- 
ance of Coleridg^s manuscripts, but especially from the knowledge 
he possessed of Coleridg^s doctrines, and independent study of at least 
the basal principles and metaphysics of the sciences and of all the 
phenomena of human life, he proceeded logically to work out a 
system of universal philosophy such as he deemed would in the main 
accord with his master's aspirations. After many years of pre- 
paratory labour he resolved to complete in a compendious form a 
work which should give in system the doctriftes most distinctly 
Coleridgian. The result is these two volumes. The first volume 
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is devoted to the general principles of philosophy; the second aims at 
vindicating i priori (on principles far mhich the first volume has 
contended) the essential doctrines of Christianity. The work is 
divided into four parts: I. ** On the Intellectual Faculties and 
processes which are concerned in the Investigation of Truth.** 
II ''Of First Prificiples in Philosophy." III. " Truths of 
Religion:' IV. " The Idea of Christianity in relation to Con- 
troversial Philosophy." 

Huxley (Professor.)— lay sermons, addresses, 

AND REVIEWS. See Physical Science Catalogue, 
preceding. 

Jevons. — Works by W. Stanley Jevons, M.A., Professor of 
Logic in Owens College, Manchester : — 

THE SUBSTITUTION OF SIMILARS, the True Principle of 
Reasoning. Derived from a Modification of Aristotle*s Dictum. 
Fcap. 8vo. 2J. 6d. 

" All acts of reasoning " the author says^ ''seem to me to be dif- 
ferent cases of one uniform process, which may perhaps be best 
described as the substitution of similars. This phrase clearly 
expresses that familiar mode in which we continually argue by 
analogy from like to like, and take one thing as a representative 
of another. The chief difficulty consists in showing that all the 
forms of the old logic, as well as the fundamental rules of mathe- 
matical reasoning, may be explained upon the same principle; and 
it is to' this difficult task I have devoted the most attention. Should 
my notion be true, a vast mass of technicalities may be swept from 
our logical text-books and yet the small remaining part of logical 
doctrine will prove far more useful than 'all the learning of the 
Schoolmen." Prefixed is a plan of a new reasoning machine, the 
Logical Abacus, the construction and working of which is fully 
explained in the text and Appendix. "Mr. Jevons' book is very 
clear and intelligible, and quite worth consulting." — Guardian. 

ELEMENTARY LESSONS IN LOGIC— See Educational 
Catalogue. 

MacCOlL— THE GREEK SCEPTICS, from Pyrrho to SextHS. 
An Essay which obtained the Hare Prize in (fhe year 1868. By 
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Norman Maccoll, B.A., Scholar of Downing College, Cam- 
bridge. Crown 8vo, 3^, dd. 

This Essay consists of fivt parts: L ^* Introduction J^ II, ^*'Pyrrho 
and Timonr HI. ''The Akw Academy:' IV, ''The Later 
Sc^tics." V, " The Pyrrhoneans and New Academy con- 
trasted,** — "Mr, Mauoll has produced a monograph which merits 
the gratitude of all students of philosophy. His style is cUar and 
vigorous; he has mastered the authorities, and criticises them in a 
modest kut independent spirit J' — Pall Mall Gazette. 

M'Cosh. — Works by James M*Cosh, LL.D., President of Princeton 
College, New Jersey, U.S. 

** He cgrtainly shows himself skilful in that application of logic to 
psychology, in that itiductive science of the human mind which is 
the fine side of English philosophy. His philosophy as a whole is 
worthy of attention." — Rerue de Deux Mondes. 

THE METHOD OF THE DIVINE GOVERNMENT, Physical 
and Moral. Tenth Edition. 8vo. \os, 6^. 

This work is divided into four books. The first presents a general 
view of the Dwine Government as fitted to throw light on the 
character of God; the second deals with the method of the Divine 
Government in the physical world; the third treats of the principles 
of the human mind through which God governs mankind; and the 
fourth is on Pastoral and Revealed Religion, and the Restoration 
of Man. An Appendix, consisting of seven articles, investigcUes 
the fundamental principles which underlie the speculations of the 
treatise. " This work is distinguished from other similar oties by 
its being based upon a thorough study of physiccU science, and an 
accurate knowledge of its present condition, and by its entering in a 
deeper and more unfettered manner than its predecessors upon the dis- 
cussion of the appropriate psychologiectl, ethical, and theological ques' 
tions. The author keeps aloof at once from the ^ priori idealism and 
dreaminess of German speculation since Schelling, and from the 
onesidedness and narrowness of the empiricism and positivism 
which have so prevailed in England," -^Tix, Ulrici^ in **Zeil9chnft 
furPhilosophie." 

THE INTUITIONS OF TH^ IVflND. A New Edition, 8vo. 
•loth. 105. 6d, , 

D 
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M'Cosh Q.y-<onHnued, 

The object of this treatise is to determine the true nature of Intuition j 
and to investigate its laws. It starts with a general view of 
intuitive convictions^ their character and the method in which they 
are employed^ and passes on to a more detailed examination of 
them, treating them under the various heads of ^^ Primitive Cogm- 
tions^" ** Primitive Beliefs " ** Primitive Judgments" and ** Moral 
Convictions" Their relations to the various sciences, mental and 
physical, are then examined. Collateral criticisms are thrown 
into preliminary and supplementary chapters and sections. * * The 
undertaking to adjust the claims of the sensational and intuitional 
philosophies, and of the h, posteriori and ^ priori methods, is 
accomplished in this work with a great amount of success." — 
Westminster Review. **I vcdue it for its large acquaintance 
with English Philosophy, which has not led him to neglect the 
grecU German works. I admire the moderation and clearness, cts 
well as comprehensiveness, of the author^ s views." — Dr. Domer, of 
Berlin. 

AN EXAMINATION OF MR. J. S. MILL'S PHILOSOPHY : 
Being a Defence of Fundamental Truth. Crown 8vo. 7^. 6^. 

This volume is not put forth by its author as a special reply to Mr, 
MUVs ^^Examination of Sir WUliam Hamilton's Philosophy." 
In that work Mr. Mill has furnished the means of thoroughly 
estimating his theory of mind, of which he had only given hints 
and glimpses in his logical treatise. It is this theory which Dr, 
M^Cosh professes to examine in this volume; his aim is simply to 
defend a portion of primary truth which has been ctssailed by an 
acute thinker who has extensive influence in England. **In 
such points as Mr. MilTs notions of intuitions and necessity, he 
will have the voice of mankind with him."— Athenseum. **Such 
a work greatly needed to be done, and the author wcu the man to 
do it. This volume is important, not merely in reference to the 
views of Mr. Mill, but of the whole school of writers, past and 
present, British and Continental, he so ably represents" — Princeton 
Review. 

THE LAWS OF DISCURSIVE THOUGHT : Being a Text- 
book of Formal Logic. Crown 8vo. 5^. 

The main feature of this Logical Treatise is to be found in the more 
thorough investigation of the nature of the notion, in regard to 
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which the views of the school cf Locke and Whately are regarded 
by the author cts, very defective, and the views of the school of Kant 
and Hamilton altogether erroneous^ The author believes that 
errors spring far more frequently from obscure^ inadequate^ indis- 
Hncty and confused NotionSy and from not placing the Notions in 
their proper relation in judgment^ than from Ratiocination. In 
this treatise^ therefore^ the Notion (with the term, and the Relation 
of Thought to Language) will be found to occupy a larger relative 
place than in any logical work written since the time of the famous 
Art of Thinkii^. **Tke amount of summarized information 
which it cofUains is very great; and it is the only work on the very 
important suhject with which it deals^ Never was such a work 
so much needed as in the present day^ — London Quarterly 
Review. 

CHRISTIANITY AND POSITIVISM ; A Series of Lectures to 
the Times on Natural Theology and Apologetics. Crown 8vo. 
7J. 6</. 

These Lectures were- delivered in New York, by appointment^ in the 
beginning of 187 1, as the second course on the foundation of 
the Union Theological Seminary. There are ten Lectures in odl, 
divided into three series : — I. ** Christianity and Physical Science" 
(three lectures). II. ** Christianity and Mental Science" (four 
lectures). III. ^*Christiimity*amt Historical Investigation" (three 
lectures). The Appendix contains articles on ^*Gaps in the Theory 
of Development;!* *^^ Darwin* s Descent , of Man." ^* Principles 
of Herbert Spemcer^s Philas(^y" In the course of the Lectures 
Dr. M^Qosh discuses all the most important scientific problems 
which are supposed to affect Christictnity, 

MaSSOn.— RECENT BRITISH PHILOSOPHY: A Review, 
with Criticisms ; including some Comments on Mr. Mill's Answer 
to Sir William Hamilton. By David Masson, M.A., Professor 
of Rhetoric and English Literature in the University of Edinburgh. 
Crown 8vo. 6j. 

The author^ in his usual graphic and forcible manner^ reinews in 
considerable detail, and points out the drifts of the philosophical 
speculations of the previous thirty years, bringing under notice the 
work of all the principal philosophers who have been at work during 
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MaSSOn (J^,)— continued. 

that period on the highest problems which concern humanity. The 
four chapters are thus titled: — /. *^A Survey of Thirty Years. ^^ 
II. **The Traditional Differences: how repeated in Carlyle, 
Hamilton, and Mill." III. ^^Ejfectsof Recent Scientific Con^ 
ceptions on Philosophy." IV. ^^ Latest Drifts and Groupings." 
The last seventy-six pages are devoted to a Review of Mr. MUVs 
criticism of Sir William Hamilton's Philosophy. ** We can 
nowhere point to a work which gives so clear an exposition of 
the course of philosophical speculation in Britain during the past 
century f or which indicates so instructively the mutual influences of 
philosophic and scientific thought" — Fortnightly Review. 

BRITISH NOVELISTS.— See Belles Lettres Catalogue. 

LIFE OF MILTON.— See Biographical Catalogue. 

Maudsley.^ — Works by Henry Maudsley, M.D., Professor of 
Medical Jurisprudence in University College, London : — 

BODY AND MlND : An Inquiry into their Connection and 
Mutual Influence, ^)ecially in reference to Mental Diseases. See 
Medical Catalogue, preceding. 

THE PHYSIOLOGY AND PATHOLOGY OF MIND. 
See Medical Catalogue, preceding. 

Maurice. — Works by the Rev. FREDERICK Denison Maurice, 
M.A., Professor of Moral Philosophy in the University of Cam- 
bridge. (For other Works by the same Author, see Theol©gical 
Cataix)GUE.) 

SOCIAL MORALITY. "Jis^nty-one Lectures delivered in th^ 
University of Cambridge. 8voi .^ 14^. 

In this series of Lectures, Professor Maurice considers, historically 
and critically. Social Morality in its three main aspects : I. ** The 
Relations which spring from the Family— ^Domestic Morality." 
II. ** The Relations which subsist among the various constituents 
of a Nation — National Morality." III. **As it concerns Uni- 
versal Humanity — Universal Morality." Appended to each series 
is a chapter on ^* Worship :" first, ^^ family Worship ;" second. 
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Maurice (F. D .)— continued. 

'* National Worship;'' third, *' Universal Worship:' ** Whilst 
reading it we are charmed by the freedom from exclusvveness and 
prejudice, the large charity, the loftiness of thought, the eagerness to 
recognize and appreciate whatever there is of real worth extant in 
the world, which animates it from one end to the other. We gain 
new thoughts and new ways of viewing things, even more, perhaps, 
from being brought for a time under the influence of so noble and 
spiritual a mind." — Athenreuiil. 

THE CONSCIENCE : Lectures on Casitistry, delivered in the 
University of Cambridge. New and Cheaper Edition. Crown 8vo. 

In this series of nitie Lectures, Professor Maurice, with his wonted 
force and breadth and freshness, etideavours to settle what is meant 
by the word ^^ Conscience," and discusses the most important 
questions immediately connected 7vith the subject. Taking ^* Casu- 
istry " in Us old sense as being the ^^ study of cases of Conscience," 
he endeavours to show in what zvay it may be brought to bear at 
the present day upon the cuts and thoughts of our orditiary 
existetice. He shows that Conscience asks for laws, not rules ; 
for freedom,, not chains ; for education, not suppression. He 
has abstained from the use of philosophical terms, and has touched 
on philosophical systems only when he fattcied *Uhey xvere inter- 
fering with the rights and duties Of wayfarers." The Saturday 
Review jfl^/j; ^'■We rise from them with detestation of alt that is 
selfish and mean, and with a living impTessioH that there is such a 
thing as goodness after all. " 

MORAL AND METAPHYSICAL PHILOSOPHY. New 
Edition and Preface. Vol. I. Ancient Philosophy and the First to 
the Thirteenth Centuries ; Vol. II. the Fourteenth Century and the 
French Revolution, with a glimpse into the Nineteenth Century. 
2 Vols. 8vo. 25J. 

This is an Edition in two volumes of Professor Maurice's History of 
Philosophy from the earliest period to the present time. It was 
formerly scctttertd throughout a number of separate volumes, and it 
is believed that all admirers of the author and all students of 
philosophy will welcome this compact Edition. The subject is one 
of the highest importance, and it is treated here with fiUness and 
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candour^ and in a clear and interesting manner. In a long intro- 
duction to this Edition, in the form of a dialogue, Professor Maurice 
justifies some of his awn peculiar views, and touches upon some of 
the most important topics of the time. 

Murphy.— HABIT AND INTELLIGENCE, in Connection 
with the Laws of Matter and Force ; A Series of Scientific Essays. 
By Joseph John Murphy. Two Vols. 8vo. idr. 

The author's chief purpose in this work has been to state and to dis- 
cuss what he regards as the special and characteristic principles of 
life. The most important part of the work treats of those vital 
principles which belong to the inner domain of life itself, as dis- 
tinguished from the principles which belong to the border-land 
where life comes into contact with inorganic matter and force. In 
the inner domain of life we find two principles, which are, the 
author believes, coextensive with life and peculiar to it : these are 
Habit and Intelligence. He has made as full a statement as 
possible of the laws under which habits form, disappear, alter under 
altered circumstances, and vary spontaneously. He discusses that 
most important of all questions, whether intelligence is an ultimate 
fact, incapable of being resolved into any other, or only a resultant 
from the laws of habit. The latter part of the first volume is 
occupied with the discussion of the question of the Origin of Species, 
T/ie first part of the second volume is occupied with an inquiry 
into the process of mental growth and development, and the nature 
of mental intelligence. In the chapter that follows, the author dis- 
cusses the science of history, and the three concluding chapters 
contain some idecu on the classification, the history, and the logic, of 
the sciences. The author's aim has been to make the svJbjects trmted 
of intelligible to any ordinary intelligent man.. " IVe are plecued 
to listen," says the Saturday Review, **to a writer who has so firm 
a foothold upon the ground ivithin the scope of his immediate 
survey, and who can enunciate with so much clearness and force 
propositions which come within his grasp J* 

Thring (E., M.A.)— thoughts ON LIFE-SCIENCE. 
By Edward Thring, M.A. (Benjamin Place), Head Master of 
Uppingham School. New Edition, enlarged and revised. 
Crown 8vo. *js. 6d. 

In this volume are discussed in a familiar manner some of the most 
interesting problems between Science and Religion, Reason and 
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Feeling. ^* Learning and Science^^^ says the author^ **are claiming 
the right of building up and pulling down everything, especially 
the latter. It hcLS seemed to me no useless task to look steadily at 
what has happened, to take stock as it were of men^s gains, and to 
endeavour amidst new circumstances to arrive at some rationed 
estimate of the bearings of things, so that the limits of what is 
possible ai all events may be clearly marked out for ordinary 

readers This book is an endeavour to bring out some of the 

main facts of the world.^* 

Venn.— THE logic of chance : An Essay on the Founda- 
tions and Province of the Theory of Probability, with especial 
reference to its application to Moral and Social Science. By John 
Venn, M.A., Fellow of Gonville and Caius College, Cambridge. 
Fcap. 8vo. *]s. 6d. 

This Essay is in no sense mathematical. Probability, the author 
thinks, may be considered to be a portion of the province of Logic 
regarded from the material point of view. The pritidpal objects of 
this Essay are to ascertain how great a portion it comprises, where 
we are to draw the boundary between it and the contiguous branches 
of the general science of evidence, what are the ultimate foundations 
upon which its rules rest, what the nature of the evidence they are 
capable of affording, atid to what class of subj&:ts they may most 
fitly be applied. The general design of the Essay, as a special 
treatise on Probability, is quite original, the author bdiemng thU 
erroneous notions as to the real nature of the subject are disastrously 
prevalent. ** Exceedingly well thought and well Tvritten," says the 
Westminster Review. The Nonconformist calls it a ^^ masterly 
b4f9k:' 
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